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Euclidean Spanners

A Euclidean t-spanner of a point set P € R is a geometric graph G(V,E,w):
1. V=P

2. Ye=(p,q),w(e)=|lp qll

ds(p, g
3. max (p. q) <t t is called stretch factor
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Sparsity and Lightness

Think of t—spanner as a sparse and light weight graph that preserves
Euclidean distances up to a factor of t.

. ~|E(G) _  w(G)
Sparsity(G) = E(MST)] Lightness(G) = w(MST)
Je ! ° b ad e ! ® b g e ! ® b
Sparsity = 4/3
y‘ Lightness = 4/3
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Steiner Euclidean Spanners

A Steiner Euclidean t-spanner of a point set P € R? is a geometric graph G(V,E,w):

1.P CV,Q =V \ P Steiner points
2.Ve=(p,q),w(e) =||p, ql|

3. max 96 (p. 9) <t
p£acP ||p, qll2
1
g @< — o | ae ! * H d Q b
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\/5 — Spanner \/5 — Spanner
w(H) =14 w(G) = 2v2 =2.8 .



Non-Steiner vs Steiner Spanners

Question: Do Steiner points really help?

(in reducing sparsity and lightness)

Spoiler alert: Yes!!!



Known Results: R?

_5, O hide polylog(1/¢).

=1+¢
Non-Steiner Spanners Steiner Spanners
Sparsity O(1/¢) Q(1/e) | O(NE) | 2A1NE)
[Clarkson87;Keil88] [LS,FOCS19] [LS,FOCS19] [LS,FOCS19]
Lightness O(1/¢?) $2(1/€%) @ 2(1/¢)
[LS,FOCS19] [LS,FOCS19] [LS,FOCS19]

[LS] H. Le and S. Solomon, “Truly optimal Euclidean spanners,” FOCS'19.



This Work

_FZ, O hide polylog(1/c).

t=1+¢
Non-Steiner Spanners Steiner Spanners

Sparsity O(1/¢) Q(1/e) | ONe) | QALNE)
[Clarkson87;Keil88] [LS,FOCS19] [LS,FOCS19] [LS,FOCS19]

Lightness O(1/¢?) 2(1/€?) O(1/¢) 2(1/¢)
[LS,FOCS19] [LS,FOCS19] [LS,ESA20] [LS,FOCS19]

MaXx ,
Spread A — p,.qeP Hp QH

miﬂp7gq€/:> H,D, QH hold when A is poly(1/c).

[LS] H. Le and S. Solomon, “Light Euclidean Spanners with Steiner Points,” ESA'20.



Known Results: RY when d > 3

_5, O hide polylog(1/c).

t=1+¢
Non-Steiner Spanners Steiner Spanners
Sparsity O(el'd) _Q(gl-d) 5(8(1-d)/2) @
[RS91] [LS,FOCS19] [LS,FOCS19] Lower bound
: SN/ e-d _d
Lightness O(e?) ()
[LS,FOCS19] [LS,FOCS19] @ @

Lower bound

[LS] H. Le and S. Solomon, “Truly optimal Euclidean spanners,” FOCS'19.



This Work

_FZ, O hide polylog(1/c).

t=1+¢
Non-Steiner Spanners Steiner Spanners
Sparsity O(gl‘d) _Q(gl-d) 5(8(1-d)/2) @
[RS91] [b5,FOCSI) (5, FOCS19] Lower bound
Lightness O(e?) Q) 5(8 (_d_l)/Q) @
[LS,FOCS19] [LS,FOCS19] [LS,ESA20]
Lower bound

hold when A is poly(1/¢).

[LS] H. Le and S. Solomon, “Light Euclidean Spanners with Steiner Points,” ESA'20.



This Work

Steiner points help reducing lightness quadratically

(for point sets with spread poly(1/¢))

[LS] H. Le and S. Solomon, “Light Euclidean Spanners with Steiner Points,” ESA'20.
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Detailed Results Spread A — MXpace 1P 4

minp;éqEP ||,D, C7||

Theorem 1 [LS20]

Given P € R?, one can construct a Steiner (1+ €)-spanner G for P with lightness:

w(G) | logA
W(I\/IST)_O( € )

Lightness(G) =

Theorem 2 [LS20]

Given P € RY one can construct a Steiner (1+ &)-spanner G for P with lightness:
w(G)

_ A (—d=1)/2 2
W (MST) O(e + (log A)e™ <)

Lightness(G) =




This talk Spread & = T each P

minp;éqEP ||,D, C7||

Theorem 1 [LS20]

Given P € R?, one can construct a Steiner (1+ €)-spanner G for P with lightness:
P g

w(G) | logA
W(I\/IST)_O( € )

Lightness(G) =

The rest of the talk: proving Theorem 1



Detour: Single Source Spanners (SSP)

Source p, @ € C 7, (1+ &)-spanner S of Q, 7 Steiner SLT: SLT = Shallow Light Tree

point p, line L, d(p,L) = r, length(L) = 2\/er.

d(p’ C(\/Ef)) =r.55Pis a geometric graph H: Steiner SLT is a geometric graph X:

dis(p x) < (1 +¢€)llp.x|| ¥xeQ Jdxo(px) < (1 +e)llp x|l VxelL
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Detour: Single Source Spanners

Source p, @ € C( z,) (1+ &)-spanner S of Q,
d(p,Czry) = r. SSP is a geometric graph H:

{Claim: w(H) = O(r) }

drus(p. x) < (1+¢€)l[p, x||  ¥x € d

Proof:
w(H) = w(SLT) + w(grid)

+w/(connections to grid)
= O(r)+ O(r) + O(r)

Steiner SLT

1 1
g O(%) X O(%)
grid
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Detour: Single Source Spanners

Lemma: Given a point p, a set of point Q enclosed in a circle C of radius
Ver where d(p,C) = r, and a (1+ €)-spanner S of Q, one can construct a
graph H such that:

(1) dhus(p.x) < (1 +e)llp. x|]| ¥xe@
(2) w(H)=0(r)

®p

Aer
Q
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Steiner Spanner Construction: Overview

Goal: Find a Steiner (1+ &)-spanner G for P with w(G) = O(logA /e )w(MST )

* Spread A: assume min. distance = 1 and max. distance = A
* Partition.P = {(p, q) } p~qep into logA subsets:
Pi={(p.q):|lp.qll € (272}
* Find Steiner (1+ &)-spanner H,for P; separately
(1) du,(p.q) < (1+€)llp.gll Y(p.q)€P
(2) w(H;) =0(1/e)w(MST)
log A

Claim: G = U H; is the desired spanner.
i=1
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Goal: Find Steiner (1+ &)-spanner H.for P; = {(p.q) : ||p. q|| € (2", 2]}

(1) duy(p.q) <(1+e)llp.all V(p q)€P
(2) w(H;) =0(1/e)w(MST)

* Let r =2, and N be a (1/er)-net of P: N N = red pts.
(1) Vx#yeN,|x, vyl >Ver o ° °
(2) VzeP,Axe N:||x, z|| < Ver X >\/Er ............

Claim: || = o( M1, et )

VEr

Proof: {C(x,/er/2)}xen are pairwise disjoint.

]N]g < w(part of MST inside all circles) < w(MST)



Goal: Find Steiner (1+ &)-spanner H.for P; = {(p.q) : ||p. q|| € (2", 2]}

(1) duy(p.q) <(1+e)llp.all V(p q)€P
(2) w(H;) =0(1/e)w(MST)

* Let r =2, and N be a (\/er)-net of P:

(1) Vx#yeN,|x, vyl >Ver . °
(2) Vze P, 3xe N:|lx, z|| < Ver

e~ W(MST) o o o
Claim: [N| = O( Jer )
If w(H,) = O(%) then: ’ *
B r ~,wMST) r w(MST)



Goal: Find Steiner (1+ &)-spanner H,for Pi = {(p.q) : ||p.ql| € (r/2,r]}

(1) du(p.q) <(1+¢)llp.gll V(p.q) €Pi

(2) w(H;) = O(W\/g N is r\/e-net of P

* “Cover’ the plane by overlapping U of size length 5r.

(a) Vxe N:xe€ at most 4 [s
(b) V(p,q):llp.qll<r,30QRstpgeq

* Focus on 1 square Q: preserve (p,q) s.t

(p.g) € PinQ

20



Spanner in a Square

* Place grid with cell size (r/8)x(r/8)

* Horizontal band: a row of the grid.
* O(1) such bands

 Vertical band: a column of the grid

Claim: (x,y) € NxN such that ||x,y|| € (r/2,r]. Then:

* X,y in two non-adjacent horizontal bands
e or X,y in two non-adjacent vertical bands

Proof:
Otherwise, x,y both in O of size length r/4.

r r
, < V2 =< =
Ix. Il < V2o 7 <5

r/8

5r

X
°®
Yo
X
® r/4
.y
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Spanner in a Square (cont.) )

— SQUARESPANNER (Q)

1. Divide Q into a grid with cell size (r/8)x(r/8)
2. Ho < 0 // square spanner

3. Foreach pair (X,Y) of non-adj. horizontal (vertical) bands

4. Hyy<— @ // band spanner

5.  Place O(1/y/¢) Steiner points {t;,t,...} on the mid-line
6. Foreach point t;and each point x in NN (X U Y):

7. Hyx y < Hxy U {a SS spanner from t;to C(x, \/er)}
8. Hgo<« Hp UHyxy

9. return Hy

Pt D Dl B
..: '.o: '.o: '.o:

re, e v, ve

te, e, te e

y 752 t; fl/\/E
er
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Spanner in a Square (cont.)

— SQUARESPANNER (@) Claim: w(Ho) = O(L\Nﬂ QN
VE
1. Divide Q into a grid with cell size (r/8)x(r/8)
2. Ho«— 0 // square spanner Proof:
3. Foreach pair (X,Y) of non-adj. horizontal (vertical) bands O(1) pairs
4 Hyy<— @ // band spanner )
5.  Place O(1/+/¢€) Steiner points {t;,t,... } on the mid-line
6 Foreach point t;and each point x in NN (XU Y): - w(Hxy) = O(%)rwﬂ (XUY)]
7 Hyx y < Hxy U {a SS spanner from t;to C(x, \/er)} ]
\ J
z. ret::i ;QHQ U ey o) 'Weight w(Hg) = O(%)(XZY INA(XUY)))
—o(2)INnQl

VE



Spanner in a Square (cont.)

— SQUARESPANNER(Q) Claim: w(Hg) = O(é\/\/ NQI)

. Divide Q into a grid with cell size (r/8)x(r/8)

Ho <0 // square spanner Claim: any (p, q) € PiNQ
. Foreach pair (X,Y) of non-adj. horizontal (vertical) bands || then: duo (P, q) < (1+¢€)||p, 4|

1
2
3
4 Hy y<«— @ // band spanner
5.  Place O(1/+/¢€) Steiner points {t;,t,... } on the mid-line ‘e
6 Foreach point t;and each point x in NN (XU Y): -
7 Hyx y < Hxy U {a SS spanner from t;to C(x, \/er)} R
8. Hg <« Hg U Hyy
9. return Hy .
‘e
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Goal: Find Steiner (1+ &)-spanner H.for Pi = {(p.q) : ||p. ql| € (r/2,

(1) du,(p.q) < (1+¢€)llp. qll

N|r

\V/(p, Q) < 73/

(2) w(H;)=0(—=) N is rye-netof P

* “Cover’ the plane by overlapping
(a) Vxe N:xé€ at most 4 [s

VE

of size length 5r.

(b) Y(p,q):llp.qgll<r,30Qstp ge@

* For each square Q: w(Hg) = O(LS|N NQJ) Q :

NG

duo (P q) < (1 +¢)llp.qll Y(p.q) e Pin@

e Let H/:UHQ
Q

----------------------------

»
----------------------------

5r




Goal: Find Steiner (1+ &)-spanner H,for Pi = {(p.q) : ||p.ql| € (r/2,r]}
(1) du(p.a) <(1+e)llp.gll Y(p.a)eP; |/

N
(2) w(H,) = O(|\/|_r Nis ry/e-netof P o/

* “Cover’ the plane by overlapping U of size length 5r. ;

(a) [VXEN:XE at most 4 [s ] ........ N W(/—/)— (_)Z‘/\/QQ‘

(b) (V(p.@):llp.all <. 300 Qstpge Qe r|/\/\

CONE
* For each square Q: {W(HQ) = O(L|N N Q|)] S i O 77 VE
\/E ’:’Q
[dHQ(p, q) < (1L+¢)|lp.qll Y(p.qg)ePinQ } > du, (P, q) < (1+¢€)llp. ql]
' v(p. q) € P;

* Let /—//:UHQ

26



Steiner Spanner Construction: Overview

Goal: Find a Steiner (1+ &)-spanner G for P with w(G) = O(logA /e )w(MST )

* Spread A: assume min. distance = 1 and max. distance = A
e Partition.P = {(p, q) } p£qep into logA subsets:

Pi={(p.q):llp.qll € (27,2}
 Find Steiner (1+ &)-spanner H.for P,

(1) du(p.g) < (1 +e)llp.gll Y(p.q)eP
(2) w(H;) =0(1/e)w(MST)
log A

Claim: G = U H; is the desired spanner.
i=1
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Our results (recap) Spread A — MXpace 1P 4

Minp2qep ||, 9|

Theorem 1 [LS20]

Given P € R?, one can construct a Steiner (1+ €)-spanner G for P with lightness:
P g

w(G)  _ logA
W(MST)_O( € )

Lightness(G) =
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Open Problems

5, O hide polylog(1/¢).

=1+ ¢
Non-Steiner Spanners Steiner Spanners
Sparsity O(1/¢) Q(1/e) | O(Ne) | Q1NE)
[Clarkson87;Keil88] [LS,FOCS19] [LS,FOCS19] [LS,FOCS19]
Lightness O(1/¢?) 2(1/€?) O(1/¢) 2(1/¢)
[LS,FOCS19] [LS,FOCS19] [LS,ESA20] [LS,FOCS19]

Problem 1: Find a Steiner (1+ &)-spanner G for P with w(G) = O(1/¢)w(MST ) for
any spread in Euclidean plane.



Open Problems

;2, O hide polylog(1/c).

t=1+¢
Non-Steiner Spanners Steiner Spanners
Sparsity O(gl‘d) _Q(gl-d) 5(8(1-d)/2) @
[RS91] [b5,FOCSI) (5, FOCS19] Lower bound
Lightness O(e?) Q) 5(8 (_d_l)/Q) @
[LS,FOCS19] [LS,FOCS19] [LS20]
Lower bound

[LS20] H. Le and S. Solomon, “A Unified and Fine-Grained Approach for Light Spanners” , Preprint. 30



Thank you

Q&A
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