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A Euclidean t-spanner of a point set P ∊ Rd is a geometric graph G(V,E,w):

1a b

c d
G(V,E,w)

t is called stretch factor

p
2� spanner
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a b

c d

1. V = P
8e = (p, q),w(e) = ||p, q||2

<latexit sha1_base64="5PFG+ufbqGA+4kQcKVi1OrnGvdw="></latexit><latexit sha1_base64="5PFG+ufbqGA+4kQcKVi1OrnGvdw="></latexit><latexit sha1_base64="5PFG+ufbqGA+4kQcKVi1OrnGvdw="></latexit><latexit sha1_base64="5PFG+ufbqGA+4kQcKVi1OrnGvdw="></latexit>

2.

max
p 6=q2V

dG(p, q)

||p, q||2
 t

<latexit sha1_base64="tvsnWaa7TSd6+iqhy3MaSgARGuA="></latexit><latexit sha1_base64="tvsnWaa7TSd6+iqhy3MaSgARGuA="></latexit><latexit sha1_base64="tvsnWaa7TSd6+iqhy3MaSgARGuA="></latexit><latexit sha1_base64="tvsnWaa7TSd6+iqhy3MaSgARGuA="></latexit>
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Sparsity and Lightness
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c d

Think of t–spanner as a sparse and light weight graph that preserves 
Euclidean distances up to a factor of t.

Sparsity(G) =
|E(G)|
|E(MST)|

<latexit sha1_base64="zFllsPcXWY7rstSPvIEXcyxJN2E="></latexit><latexit sha1_base64="zFllsPcXWY7rstSPvIEXcyxJN2E="></latexit><latexit sha1_base64="zFllsPcXWY7rstSPvIEXcyxJN2E="></latexit><latexit sha1_base64="zFllsPcXWY7rstSPvIEXcyxJN2E="></latexit>

1a b

c d
MST

Sparsity = 4/3
<latexit sha1_base64="XqfLTN5U0Q+36pCo0ZFFVFLcnQw=">AAACPnicbVDLSgNBEJz1GeMrUTx5GQyCp7gbA3oRAl48RjQPSEKYncwmQ2Zml5leybLkY7zqT/gb/oA38erRyeNgEhsaiqpqurv8SHADrvvhrK1vbG5tZ3ayu3v7B4e5/FHdhLGmrEZDEeqmTwwTXLEacBCsGWlGpC9Ywx/eTfTGM9OGh+oJkoh1JOkrHnBKwFLd3Ekb2AjSx4hYDyRjfIvLl1fdXMEtutPCq8CbgwKaV7Wbd/LtXkhjyRRQQYxpeW4EnZRo4FSwcbYdGxYROiR91rJQEclMJ53eP8bnlunhINS2FeAp+3ciJdKYRPrWKQkMzLI2If/TWjEEN52UqygGpuhsURALDCGehIF7XDMKIrGAUM3trZgOiCYUbGQLW6j0Ne8PYOGT1BA1W77AjmZv2RC95chWQb1U9Nyi91AuVErzODPoFJ2hC+Sha1RB96iKaoiiFL2gV/TmvDufzpfzPbOuOfOZY7RQzs8vlquvGg==</latexit><latexit sha1_base64="XqfLTN5U0Q+36pCo0ZFFVFLcnQw=">AAACPnicbVDLSgNBEJz1GeMrUTx5GQyCp7gbA3oRAl48RjQPSEKYncwmQ2Zml5leybLkY7zqT/gb/oA38erRyeNgEhsaiqpqurv8SHADrvvhrK1vbG5tZ3ayu3v7B4e5/FHdhLGmrEZDEeqmTwwTXLEacBCsGWlGpC9Ywx/eTfTGM9OGh+oJkoh1JOkrHnBKwFLd3Ekb2AjSx4hYDyRjfIvLl1fdXMEtutPCq8CbgwKaV7Wbd/LtXkhjyRRQQYxpeW4EnZRo4FSwcbYdGxYROiR91rJQEclMJ53eP8bnlunhINS2FeAp+3ciJdKYRPrWKQkMzLI2If/TWjEEN52UqygGpuhsURALDCGehIF7XDMKIrGAUM3trZgOiCYUbGQLW6j0Ne8PYOGT1BA1W77AjmZv2RC95chWQb1U9Nyi91AuVErzODPoFJ2hC+Sha1RB96iKaoiiFL2gV/TmvDufzpfzPbOuOfOZY7RQzs8vlquvGg==</latexit><latexit sha1_base64="XqfLTN5U0Q+36pCo0ZFFVFLcnQw=">AAACPnicbVDLSgNBEJz1GeMrUTx5GQyCp7gbA3oRAl48RjQPSEKYncwmQ2Zml5leybLkY7zqT/gb/oA38erRyeNgEhsaiqpqurv8SHADrvvhrK1vbG5tZ3ayu3v7B4e5/FHdhLGmrEZDEeqmTwwTXLEacBCsGWlGpC9Ywx/eTfTGM9OGh+oJkoh1JOkrHnBKwFLd3Ekb2AjSx4hYDyRjfIvLl1fdXMEtutPCq8CbgwKaV7Wbd/LtXkhjyRRQQYxpeW4EnZRo4FSwcbYdGxYROiR91rJQEclMJ53eP8bnlunhINS2FeAp+3ciJdKYRPrWKQkMzLI2If/TWjEEN52UqygGpuhsURALDCGehIF7XDMKIrGAUM3trZgOiCYUbGQLW6j0Ne8PYOGT1BA1W77AjmZv2RC95chWQb1U9Nyi91AuVErzODPoFJ2hC+Sha1RB96iKaoiiFL2gV/TmvDufzpfzPbOuOfOZY7RQzs8vlquvGg==</latexit><latexit sha1_base64="XqfLTN5U0Q+36pCo0ZFFVFLcnQw=">AAACPnicbVDLSgNBEJz1GeMrUTx5GQyCp7gbA3oRAl48RjQPSEKYncwmQ2Zml5leybLkY7zqT/gb/oA38erRyeNgEhsaiqpqurv8SHADrvvhrK1vbG5tZ3ayu3v7B4e5/FHdhLGmrEZDEeqmTwwTXLEacBCsGWlGpC9Ywx/eTfTGM9OGh+oJkoh1JOkrHnBKwFLd3Ekb2AjSx4hYDyRjfIvLl1fdXMEtutPCq8CbgwKaV7Wbd/LtXkhjyRRQQYxpeW4EnZRo4FSwcbYdGxYROiR91rJQEclMJ53eP8bnlunhINS2FeAp+3ciJdKYRPrWKQkMzLI2If/TWjEEN52UqygGpuhsURALDCGehIF7XDMKIrGAUM3trZgOiCYUbGQLW6j0Ne8PYOGT1BA1W77AjmZv2RC95chWQb1U9Nyi91AuVErzODPoFJ2hC+Sha1RB96iKaoiiFL2gV/TmvDufzpfzPbOuOfOZY7RQzs8vlquvGg==</latexit>

Lightness = 4/3
<latexit sha1_base64="VWegFWEVl8v8mrPHS+hLe9x7GZw=">AAACP3icbVBNS0JBFJ1nX2ZfWtCmzZAErew9E2oTCG1atDBIDVRk3njVwXnzHjP3hfLyz7StP9HP6Be0i7btGj8WmR0YOJx7L2fO8SMpDLruu5NaWV1b30hvZra2d3b3srn9mgljzaHKQxnqB58ZkEJBFQVKeIg0sMCXUPcH15N5/RG0EaG6x1EErYD1lOgKztBK7exhE2GIya3o9VGBMWN6RUtn5+1s3i24U9Bl4s1JnsxRaeecXLMT8jgAhVwyYxqeG2ErYRoFlzDONGMDEeMD1oOGpYoFYFrJNMCYnlilQ7uhtk8hnaq/LxIWGDMKfLsZMOybv7OJ+N+sEWP3spUIFcUIis+MurGkGNJJG7QjNHCUI0sY18L+lfI+04yj7WzBhQe+npS0kCQxTM3MF9ThLJYt0ftb2TKpFQueW/DuSvlycV5nmhyRY3JKPHJByuSGVEiVcPJEnskLeXXenA/n0/maraac+c0BWYDz/QNUnq92</latexit><latexit sha1_base64="VWegFWEVl8v8mrPHS+hLe9x7GZw=">AAACP3icbVBNS0JBFJ1nX2ZfWtCmzZAErew9E2oTCG1atDBIDVRk3njVwXnzHjP3hfLyz7StP9HP6Be0i7btGj8WmR0YOJx7L2fO8SMpDLruu5NaWV1b30hvZra2d3b3srn9mgljzaHKQxnqB58ZkEJBFQVKeIg0sMCXUPcH15N5/RG0EaG6x1EErYD1lOgKztBK7exhE2GIya3o9VGBMWN6RUtn5+1s3i24U9Bl4s1JnsxRaeecXLMT8jgAhVwyYxqeG2ErYRoFlzDONGMDEeMD1oOGpYoFYFrJNMCYnlilQ7uhtk8hnaq/LxIWGDMKfLsZMOybv7OJ+N+sEWP3spUIFcUIis+MurGkGNJJG7QjNHCUI0sY18L+lfI+04yj7WzBhQe+npS0kCQxTM3MF9ThLJYt0ftb2TKpFQueW/DuSvlycV5nmhyRY3JKPHJByuSGVEiVcPJEnskLeXXenA/n0/maraac+c0BWYDz/QNUnq92</latexit><latexit sha1_base64="VWegFWEVl8v8mrPHS+hLe9x7GZw=">AAACP3icbVBNS0JBFJ1nX2ZfWtCmzZAErew9E2oTCG1atDBIDVRk3njVwXnzHjP3hfLyz7StP9HP6Be0i7btGj8WmR0YOJx7L2fO8SMpDLruu5NaWV1b30hvZra2d3b3srn9mgljzaHKQxnqB58ZkEJBFQVKeIg0sMCXUPcH15N5/RG0EaG6x1EErYD1lOgKztBK7exhE2GIya3o9VGBMWN6RUtn5+1s3i24U9Bl4s1JnsxRaeecXLMT8jgAhVwyYxqeG2ErYRoFlzDONGMDEeMD1oOGpYoFYFrJNMCYnlilQ7uhtk8hnaq/LxIWGDMKfLsZMOybv7OJ+N+sEWP3spUIFcUIis+MurGkGNJJG7QjNHCUI0sY18L+lfI+04yj7WzBhQe+npS0kCQxTM3MF9ThLJYt0ftb2TKpFQueW/DuSvlycV5nmhyRY3JKPHJByuSGVEiVcPJEnskLeXXenA/n0/maraac+c0BWYDz/QNUnq92</latexit><latexit sha1_base64="VWegFWEVl8v8mrPHS+hLe9x7GZw=">AAACP3icbVBNS0JBFJ1nX2ZfWtCmzZAErew9E2oTCG1atDBIDVRk3njVwXnzHjP3hfLyz7StP9HP6Be0i7btGj8WmR0YOJx7L2fO8SMpDLruu5NaWV1b30hvZra2d3b3srn9mgljzaHKQxnqB58ZkEJBFQVKeIg0sMCXUPcH15N5/RG0EaG6x1EErYD1lOgKztBK7exhE2GIya3o9VGBMWN6RUtn5+1s3i24U9Bl4s1JnsxRaeecXLMT8jgAhVwyYxqeG2ErYRoFlzDONGMDEeMD1oOGpYoFYFrJNMCYnlilQ7uhtk8hnaq/LxIWGDMKfLsZMOybv7OJ+N+sEWP3spUIFcUIis+MurGkGNJJG7QjNHCUI0sY18L+lfI+04yj7WzBhQe+npS0kCQxTM3MF9ThLJYt0ftb2TKpFQueW/DuSvlycV5nmhyRY3JKPHJByuSGVEiVcPJEnskLeXXenA/n0/maraac+c0BWYDz/QNUnq92</latexit>
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<latexit sha1_base64="3F0drFZWLPX1tx7JNQlvGahnyeA=">AAACQHicbVDLSsNAFJ34rPXV6sKFm2AR3FiSIthlwY3LCvYBTSiT6W07dDKJMzfSEvI1bvUn/Av/wJ24deX0sbCtBwYO597LmXOCWHCNjvNhbWxube/s5vby+weHR8eF4klTR4li0GCRiFQ7oBoEl9BAjgLasQIaBgJawehuOm89g9I8ko84icEP6UDyPmcUjdQtnHn6SWFaya49hDGmOqZSgsq6hZJTdmaw14m7ICWyQL1btIpeL2JJCBKZoFp3XCdGP6UKOROQ5b1EQ0zZiA6gY6ikIWg/nSXI7Euj9Ox+pMyTaM/UvxcpDbWehIHZDCkO9epsKv436yTYr/opl3GCINncqJ8IGyN7Wofd4woYiokhlClu/mqzIVWUoSltyYWFgeKDIS4lSTWVc/MldTyPZUp0VytbJ81K2XXK7sNNqVZd1Jkj5+SCXBGX3JIauSd10iCMZOSFvJI36936tL6s7/nqhrW4OSVLsH5+AYBTsTY=</latexit><latexit sha1_base64="3F0drFZWLPX1tx7JNQlvGahnyeA=">AAACQHicbVDLSsNAFJ34rPXV6sKFm2AR3FiSIthlwY3LCvYBTSiT6W07dDKJMzfSEvI1bvUn/Av/wJ24deX0sbCtBwYO597LmXOCWHCNjvNhbWxube/s5vby+weHR8eF4klTR4li0GCRiFQ7oBoEl9BAjgLasQIaBgJawehuOm89g9I8ko84icEP6UDyPmcUjdQtnHn6SWFaya49hDGmOqZSgsq6hZJTdmaw14m7ICWyQL1btIpeL2JJCBKZoFp3XCdGP6UKOROQ5b1EQ0zZiA6gY6ikIWg/nSXI7Euj9Ox+pMyTaM/UvxcpDbWehIHZDCkO9epsKv436yTYr/opl3GCINncqJ8IGyN7Wofd4woYiokhlClu/mqzIVWUoSltyYWFgeKDIS4lSTWVc/MldTyPZUp0VytbJ81K2XXK7sNNqVZd1Jkj5+SCXBGX3JIauSd10iCMZOSFvJI36936tL6s7/nqhrW4OSVLsH5+AYBTsTY=</latexit><latexit sha1_base64="3F0drFZWLPX1tx7JNQlvGahnyeA=">AAACQHicbVDLSsNAFJ34rPXV6sKFm2AR3FiSIthlwY3LCvYBTSiT6W07dDKJMzfSEvI1bvUn/Av/wJ24deX0sbCtBwYO597LmXOCWHCNjvNhbWxube/s5vby+weHR8eF4klTR4li0GCRiFQ7oBoEl9BAjgLasQIaBgJawehuOm89g9I8ko84icEP6UDyPmcUjdQtnHn6SWFaya49hDGmOqZSgsq6hZJTdmaw14m7ICWyQL1btIpeL2JJCBKZoFp3XCdGP6UKOROQ5b1EQ0zZiA6gY6ikIWg/nSXI7Euj9Ox+pMyTaM/UvxcpDbWehIHZDCkO9epsKv436yTYr/opl3GCINncqJ8IGyN7Wofd4woYiokhlClu/mqzIVWUoSltyYWFgeKDIS4lSTWVc/MldTyPZUp0VytbJ81K2XXK7sNNqVZd1Jkj5+SCXBGX3JIauSd10iCMZOSFvJI36936tL6s7/nqhrW4OSVLsH5+AYBTsTY=</latexit><latexit sha1_base64="3F0drFZWLPX1tx7JNQlvGahnyeA=">AAACQHicbVDLSsNAFJ34rPXV6sKFm2AR3FiSIthlwY3LCvYBTSiT6W07dDKJMzfSEvI1bvUn/Av/wJ24deX0sbCtBwYO597LmXOCWHCNjvNhbWxube/s5vby+weHR8eF4klTR4li0GCRiFQ7oBoEl9BAjgLasQIaBgJawehuOm89g9I8ko84icEP6UDyPmcUjdQtnHn6SWFaya49hDGmOqZSgsq6hZJTdmaw14m7ICWyQL1btIpeL2JJCBKZoFp3XCdGP6UKOROQ5b1EQ0zZiA6gY6ikIWg/nSXI7Euj9Ox+pMyTaM/UvxcpDbWehIHZDCkO9epsKv436yTYr/opl3GCINncqJ8IGyN7Wofd4woYiokhlClu/mqzIVWUoSltyYWFgeKDIS4lSTWVc/MldTyPZUp0VytbJ81K2XXK7sNNqVZd1Jkj5+SCXBGX3JIauSd10iCMZOSFvJI36936tL6s7/nqhrW4OSVLsH5+AYBTsTY=</latexit>

1a b

c d

Lightness(G) =
w(G)

w(MST)
<latexit sha1_base64="OhSyuHJacSr40pSKS54tN5QDiNM="></latexit><latexit sha1_base64="OhSyuHJacSr40pSKS54tN5QDiNM="></latexit><latexit sha1_base64="OhSyuHJacSr40pSKS54tN5QDiNM="></latexit><latexit sha1_base64="OhSyuHJacSr40pSKS54tN5QDiNM="></latexit>



Applications of Euclidean spanners
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Computational biology

Approximation algorithm

Network design

Distance oracle



Steiner Euclidean Spanners
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A Steiner Euclidean t-spanner of a point set P ∊ ℝ2 is a geometric graph G(V,E,w):

1. Steiner pointsP ✓ V ,Q = V \ P
<latexit sha1_base64="TOyYdJfh/MXQR8PCTxNAz+LEfoE="></latexit><latexit sha1_base64="TOyYdJfh/MXQR8PCTxNAz+LEfoE="></latexit><latexit sha1_base64="TOyYdJfh/MXQR8PCTxNAz+LEfoE="></latexit><latexit sha1_base64="TOyYdJfh/MXQR8PCTxNAz+LEfoE="></latexit>

8e = (p, q),w(e) = ||p, q||2
<latexit sha1_base64="5PFG+ufbqGA+4kQcKVi1OrnGvdw="></latexit><latexit sha1_base64="5PFG+ufbqGA+4kQcKVi1OrnGvdw="></latexit><latexit sha1_base64="5PFG+ufbqGA+4kQcKVi1OrnGvdw="></latexit><latexit sha1_base64="5PFG+ufbqGA+4kQcKVi1OrnGvdw="></latexit>

2.

3. max
p 6=q2P

dG(p, q)

||p, q||2
 t

<latexit sha1_base64="lHa9NM6sGbVloy+Ritad4ur4c2k="></latexit><latexit sha1_base64="lHa9NM6sGbVloy+Ritad4ur4c2k="></latexit><latexit sha1_base64="lHa9NM6sGbVloy+Ritad4ur4c2k="></latexit><latexit sha1_base64="lHa9NM6sGbVloy+Ritad4ur4c2k="></latexit>
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a b

c d

1a b

c dp
2� spanner
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p
2 = 2.8
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Question: Do Steiner points really help?
(in reducing sparsity and lightness)

Spoiler alert: Yes!!!



Known Results: R2

Non-Steiner Spanners

Sparsity

Lightness

[Clarkson87;Keil88] [LS,FOCS19]

O(1/!) Ω(1/!)

[LS] H. Le and S. Solomon, “Truly optimal Euclidean spanners,” FOCS’19. 7

t = 1+ !

Steiner Spanners

[LS,FOCS19]

O(1/ !)~
[LS,FOCS19]

Ω(1/ !)~

Ω, O hide polylog(1/!).~ ~

?
[LS,FOCS19]

Ω(1/!)~Ω(1/!2)
[LS,FOCS19][LS,FOCS19]

O(1/!2)~



This Work

Non-Steiner Spanners

Sparsity

Lightness

[Clarkson87;Keil88] [LS,FOCS19]

O(1/!) Ω(1/!)
[LS,FOCS19]

O(1/ !)
[LS,FOCS19]

Ω(1/ !)

[LS] H. Le and S. Solomon, “Light Euclidean Spanners with Steiner Points,” ESA’20. 8

t = 1+ !

Steiner Spanners

Ω(1/!2)
[LS,FOCS19]

~ ~

[LS,FOCS19]

O(1/!2)~
[LS,FOCS19]

Ω(1/!)~O(1/!)
[LS,ESA20]

~

when spread Δ is poly(1/!)
Spread � =

maxp,q2P ||p, q||
minp 6=q2P ||p, q||
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Ω, O hide polylog(1/!).~ ~

hold when Δ is poly(1/!).



Known Results: Rd when d ≥ 3

Non-Steiner Spanners

Sparsity

Lightness

[LS] H. Le and S. Solomon, “Truly optimal Euclidean spanners,” FOCS’19. 9

t = 1+ "

Steiner Spanners

~

~

Ω, O hide polylog(1/").~ ~

?

O(" )1-d

[RS91] [LS,FOCS19]

Ω(" )1-d

[LS,FOCS19]

O(" )(1-d)/2

?
[LS,FOCS19]

O(" )-d

[LS,FOCS19]

Ω(" )-d

?

Lower bound

Lower bound



This Work

Non-Steiner Spanners

Sparsity

Lightness

[LS,FOCS19] [LS,FOCS19]
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t = 1+ !

Steiner Spanners

[LS,FOCS19] [LS,FOCS19]

~

~

Ω, O hide polylog(1/!).~ ~

O(! )1-d

[RS91]

Ω(! )1-d O(! )(1-d)/2 ?

?O(! )-d Ω(! )-d ~O(! )(-d-1)/2

[LS,ESA20]

when spread Δ is poly(1/!)

[LS] H. Le and S. Solomon, “Light Euclidean Spanners with Steiner Points,” ESA’20. 

Lower bound

Lower bound

hold when Δ is poly(1/!).



This Work

Non-Steiner Spanners

Sparsity

Lightness

[Clarkson87;Keil88] [LS,FOCS19]

O(1/!) Ω(1/!)
[LS,FOCS19]

O(1/ !)
[LS,FOCS19]

Ω(1/ !)

[LS] H. Le and S. Solomon, “Light Euclidean Spanners with Steiner Points,” ESA’20. 11

t = 1+ !

Steiner Spanners

Ω(1/!2)
[LS,FOCS19]

~ ~

[LS,FOCS19]

O(1/!2)~
[LS,FOCS19]

Ω(1/!)~O(1/!)
[LS,ESA20]

~

when spread Δ is poly(1/!)
Spread � =

maxp,q2P ||p, q||
minp 6=q2P ||p, q||
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Ω, O hide polylog(1/!).~ ~

hold when Δ is poly(1/!).

Steiner points help reducing lightness quadratically
(for point sets with spread poly(1/!))
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Given P ∊ R2, one can construct a Steiner (1+ ")-spanner G for P with lightness:

Theorem 1 [LS20]

Lightness(G) =
w(G)

w(MST)
= O(

log�

✏
)
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Spread � =
maxp,q2P ||p, q||
minp 6=q2P ||p, q||

<latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit>

Given P ∊ Rd, one can construct a Steiner (1+ ")-spanner G for P with lightness:

Theorem 2 [LS20]

Lightness(G) =
w(G)

w(MST)
= Õ(✏(�d�1)/2 + (log�)✏�2)

<latexit sha1_base64="E6t50SnY5PFHaBjNga1zSHh3h8I="></latexit><latexit sha1_base64="E6t50SnY5PFHaBjNga1zSHh3h8I="></latexit><latexit sha1_base64="E6t50SnY5PFHaBjNga1zSHh3h8I="></latexit><latexit sha1_base64="E6t50SnY5PFHaBjNga1zSHh3h8I="></latexit>
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Given P ∊ R2, one can construct a Steiner (1+ ")-spanner G for P with lightness:

Theorem 1 [LS20]

Lightness(G) =
w(G)

w(MST)
= O(

log�

✏
)

<latexit sha1_base64="bnu8829AjHCQAN6XYH7Sz2GT2PY="></latexit><latexit sha1_base64="bnu8829AjHCQAN6XYH7Sz2GT2PY="></latexit><latexit sha1_base64="bnu8829AjHCQAN6XYH7Sz2GT2PY="></latexit><latexit sha1_base64="bnu8829AjHCQAN6XYH7Sz2GT2PY="></latexit>

Spread � =
maxp,q2P ||p, q||
minp 6=q2P ||p, q||

<latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit>

The rest of the talk: proving Theorem 1



Detour: Single Source Spanners (SSP)
Source p, Q ⊆ C( ), (1+ ")-spanner S of Q,
d(p,C(    )) = r. SSP is a geometric graph H:

14

" r

" r

dH[S(p, x)  (1 + ")||p, x || 8x 2 Q
<latexit sha1_base64="7HGKKP1/7aUUB8LPNxSPLjvkUcc="></latexit><latexit sha1_base64="7HGKKP1/7aUUB8LPNxSPLjvkUcc="></latexit><latexit sha1_base64="7HGKKP1/7aUUB8LPNxSPLjvkUcc="></latexit><latexit sha1_base64="7HGKKP1/7aUUB8LPNxSPLjvkUcc="></latexit>

p

SLT = Shallow Light Tree

dX[L(p, x)  (1 + ")||p, x || 8x 2 L
<latexit sha1_base64="7MT6eyi36lbzqjZkQ0djfeHEXrc="></latexit><latexit sha1_base64="7MT6eyi36lbzqjZkQ0djfeHEXrc="></latexit><latexit sha1_base64="7MT6eyi36lbzqjZkQ0djfeHEXrc="></latexit><latexit sha1_base64="7MT6eyi36lbzqjZkQ0djfeHEXrc="></latexit>

X

Solomon [SocG14]: w(X) = O(r)2 " r

r

Steiner SLT:
point p, line L, d(p,L) = r, length(L) = 2 "r. 
Steiner SLT is a geometric graph X:

"r

O(
1p
"
)⇥O(

1p
"
)

<latexit sha1_base64="tL8K5eygc64Bp9eE93kMUkMdhvo="></latexit><latexit sha1_base64="tL8K5eygc64Bp9eE93kMUkMdhvo="></latexit><latexit sha1_base64="tL8K5eygc64Bp9eE93kMUkMdhvo="></latexit><latexit sha1_base64="tL8K5eygc64Bp9eE93kMUkMdhvo="></latexit>

grid

p

2 " r

r

L x

Steiner SLT

C



Detour: Single Source Spanners

15

p

2 ! r

r

!r

O(
1p
"
)⇥O(

1p
"
)

<latexit sha1_base64="tL8K5eygc64Bp9eE93kMUkMdhvo="></latexit><latexit sha1_base64="tL8K5eygc64Bp9eE93kMUkMdhvo="></latexit><latexit sha1_base64="tL8K5eygc64Bp9eE93kMUkMdhvo="></latexit><latexit sha1_base64="tL8K5eygc64Bp9eE93kMUkMdhvo="></latexit>

grid

Claim: w(H) = O(r)
<latexit sha1_base64="jdk7Smmh6nbIOWUcIoHxj1eoZb4=">AAACMnicbVDLSsNAFJ34rPXV6tLNYBHaTUlEsBuh4KY7K9gHpKFMppN26GQmzEzUEvoZbvUn/BndiVs/wmmThWm9cOFwzr2ce48fMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJVIpaYdLBgQvZ9pAijnHQ01Yz0I0lQ6DPS86e3C733SKSigj/oWUS8EI05DShG2lDuU7VVgzfwriprw1LFrtvLguvAyUAFZNUelq3yYCRwHBKuMUNKuY4daS9BUlPMyLw4iBWJEJ6iMXEN5CgkykuWN8/hhWFGMBDSNNdwyf7dSFCo1Cz0zWSI9EStagvyP82NddDwEsqjWBOOU6MgZlALuAgAjqgkWLOZAQhLam6FeIIkwtrElHPBoS/peKJznyQK8dQ8xz6nb5kQndXI1kH3su7Ydef+qtJsZHEWwBk4B1XggGvQBC3QBh2AgQAv4BW8We/Wp/VlfaejG1a2cwpyZf38AqpiqZ8=</latexit><latexit sha1_base64="jdk7Smmh6nbIOWUcIoHxj1eoZb4=">AAACMnicbVDLSsNAFJ34rPXV6tLNYBHaTUlEsBuh4KY7K9gHpKFMppN26GQmzEzUEvoZbvUn/BndiVs/wmmThWm9cOFwzr2ce48fMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJVIpaYdLBgQvZ9pAijnHQ01Yz0I0lQ6DPS86e3C733SKSigj/oWUS8EI05DShG2lDuU7VVgzfwriprw1LFrtvLguvAyUAFZNUelq3yYCRwHBKuMUNKuY4daS9BUlPMyLw4iBWJEJ6iMXEN5CgkykuWN8/hhWFGMBDSNNdwyf7dSFCo1Cz0zWSI9EStagvyP82NddDwEsqjWBOOU6MgZlALuAgAjqgkWLOZAQhLam6FeIIkwtrElHPBoS/peKJznyQK8dQ8xz6nb5kQndXI1kH3su7Ydef+qtJsZHEWwBk4B1XggGvQBC3QBh2AgQAv4BW8We/Wp/VlfaejG1a2cwpyZf38AqpiqZ8=</latexit><latexit sha1_base64="jdk7Smmh6nbIOWUcIoHxj1eoZb4=">AAACMnicbVDLSsNAFJ34rPXV6tLNYBHaTUlEsBuh4KY7K9gHpKFMppN26GQmzEzUEvoZbvUn/BndiVs/wmmThWm9cOFwzr2ce48fMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJVIpaYdLBgQvZ9pAijnHQ01Yz0I0lQ6DPS86e3C733SKSigj/oWUS8EI05DShG2lDuU7VVgzfwriprw1LFrtvLguvAyUAFZNUelq3yYCRwHBKuMUNKuY4daS9BUlPMyLw4iBWJEJ6iMXEN5CgkykuWN8/hhWFGMBDSNNdwyf7dSFCo1Cz0zWSI9EStagvyP82NddDwEsqjWBOOU6MgZlALuAgAjqgkWLOZAQhLam6FeIIkwtrElHPBoS/peKJznyQK8dQ8xz6nb5kQndXI1kH3su7Ydef+qtJsZHEWwBk4B1XggGvQBC3QBh2AgQAv4BW8We/Wp/VlfaejG1a2cwpyZf38AqpiqZ8=</latexit><latexit sha1_base64="jdk7Smmh6nbIOWUcIoHxj1eoZb4=">AAACMnicbVDLSsNAFJ34rPXV6tLNYBHaTUlEsBuh4KY7K9gHpKFMppN26GQmzEzUEvoZbvUn/BndiVs/wmmThWm9cOFwzr2ce48fMaq0bX9YG5tb2zu7hb3i/sHh0XGpfNJVIpaYdLBgQvZ9pAijnHQ01Yz0I0lQ6DPS86e3C733SKSigj/oWUS8EI05DShG2lDuU7VVgzfwriprw1LFrtvLguvAyUAFZNUelq3yYCRwHBKuMUNKuY4daS9BUlPMyLw4iBWJEJ6iMXEN5CgkykuWN8/hhWFGMBDSNNdwyf7dSFCo1Cz0zWSI9EStagvyP82NddDwEsqjWBOOU6MgZlALuAgAjqgkWLOZAQhLam6FeIIkwtrElHPBoS/peKJznyQK8dQ8xz6nb5kQndXI1kH3su7Ydef+qtJsZHEWwBk4B1XggGvQBC3QBh2AgQAv4BW8We/Wp/VlfaejG1a2cwpyZf38AqpiqZ8=</latexit>

Proof:
w(H) = w(SLT) + w(grid)

<latexit sha1_base64="3FQzdCf0iypPx57z0lgOwdJ3BoI="></latexit><latexit sha1_base64="3FQzdCf0iypPx57z0lgOwdJ3BoI="></latexit><latexit sha1_base64="3FQzdCf0iypPx57z0lgOwdJ3BoI="></latexit><latexit sha1_base64="3FQzdCf0iypPx57z0lgOwdJ3BoI="></latexit>

+w(connections to grid)
<latexit sha1_base64="KcfCbu0l75R0J/yC93tsK9Evzrg="></latexit><latexit sha1_base64="KcfCbu0l75R0J/yC93tsK9Evzrg="></latexit><latexit sha1_base64="KcfCbu0l75R0J/yC93tsK9Evzrg="></latexit><latexit sha1_base64="KcfCbu0l75R0J/yC93tsK9Evzrg="></latexit>

= O(r) +O(r) +O(r)
<latexit sha1_base64="YDVcO7+0rxqwArleyWqM6ypSZg8=">AAACPXicbVDLSgMxFM3UV62vVt25CRahIpQZEexGKLhxZwX7gHYomTTThiaZIcmIdei/uNWf8Dv8AHfi1q1pZxad1gshh3Pu5dx7vJBRpW3708qtrW9sbuW3Czu7e/sHxdJhSwWRxKSJAxbIjocUYVSQpqaakU4oCeIeI21vfDvT209EKhqIRz0JicvRUFCfYqQN1S8e38D7ijyHF4tfv1i2q/a84CpwUlAGaTX6JavUGwQ44kRozJBSXccOtRsjqSlmZFroRYqECI/RkHQNFIgT5cbz9afwzDAD6AfSPKHhnF2ciBFXasI908mRHqllbUb+p3Uj7dfcmIow0kTgxMiPGNQBnGUBB1QSrNnEAIQlNbtCPEISYW0Sy7hg7kk6HOnMJbFCIjHPsM/JWSZEZzmyVdC6rDp21Xm4KtdraZx5cAJOQQU44BrUwR1ogCbA4AW8gjfwbn1YX9a39ZO05qx05ghkyvr9A76Bq/Q=</latexit><latexit sha1_base64="YDVcO7+0rxqwArleyWqM6ypSZg8=">AAACPXicbVDLSgMxFM3UV62vVt25CRahIpQZEexGKLhxZwX7gHYomTTThiaZIcmIdei/uNWf8Dv8AHfi1q1pZxad1gshh3Pu5dx7vJBRpW3708qtrW9sbuW3Czu7e/sHxdJhSwWRxKSJAxbIjocUYVSQpqaakU4oCeIeI21vfDvT209EKhqIRz0JicvRUFCfYqQN1S8e38D7ijyHF4tfv1i2q/a84CpwUlAGaTX6JavUGwQ44kRozJBSXccOtRsjqSlmZFroRYqECI/RkHQNFIgT5cbz9afwzDAD6AfSPKHhnF2ciBFXasI908mRHqllbUb+p3Uj7dfcmIow0kTgxMiPGNQBnGUBB1QSrNnEAIQlNbtCPEISYW0Sy7hg7kk6HOnMJbFCIjHPsM/JWSZEZzmyVdC6rDp21Xm4KtdraZx5cAJOQQU44BrUwR1ogCbA4AW8gjfwbn1YX9a39ZO05qx05ghkyvr9A76Bq/Q=</latexit><latexit sha1_base64="YDVcO7+0rxqwArleyWqM6ypSZg8=">AAACPXicbVDLSgMxFM3UV62vVt25CRahIpQZEexGKLhxZwX7gHYomTTThiaZIcmIdei/uNWf8Dv8AHfi1q1pZxad1gshh3Pu5dx7vJBRpW3708qtrW9sbuW3Czu7e/sHxdJhSwWRxKSJAxbIjocUYVSQpqaakU4oCeIeI21vfDvT209EKhqIRz0JicvRUFCfYqQN1S8e38D7ijyHF4tfv1i2q/a84CpwUlAGaTX6JavUGwQ44kRozJBSXccOtRsjqSlmZFroRYqECI/RkHQNFIgT5cbz9afwzDAD6AfSPKHhnF2ciBFXasI908mRHqllbUb+p3Uj7dfcmIow0kTgxMiPGNQBnGUBB1QSrNnEAIQlNbtCPEISYW0Sy7hg7kk6HOnMJbFCIjHPsM/JWSZEZzmyVdC6rDp21Xm4KtdraZx5cAJOQQU44BrUwR1ogCbA4AW8gjfwbn1YX9a39ZO05qx05ghkyvr9A76Bq/Q=</latexit><latexit sha1_base64="YDVcO7+0rxqwArleyWqM6ypSZg8=">AAACPXicbVDLSgMxFM3UV62vVt25CRahIpQZEexGKLhxZwX7gHYomTTThiaZIcmIdei/uNWf8Dv8AHfi1q1pZxad1gshh3Pu5dx7vJBRpW3708qtrW9sbuW3Czu7e/sHxdJhSwWRxKSJAxbIjocUYVSQpqaakU4oCeIeI21vfDvT209EKhqIRz0JicvRUFCfYqQN1S8e38D7ijyHF4tfv1i2q/a84CpwUlAGaTX6JavUGwQ44kRozJBSXccOtRsjqSlmZFroRYqECI/RkHQNFIgT5cbz9afwzDAD6AfSPKHhnF2ciBFXasI908mRHqllbUb+p3Uj7dfcmIow0kTgxMiPGNQBnGUBB1QSrNnEAIQlNbtCPEISYW0Sy7hg7kk6HOnMJbFCIjHPsM/JWSZEZzmyVdC6rDp21Xm4KtdraZx5cAJOQQU44BrUwR1ogCbA4AW8gjfwbn1YX9a39ZO05qx05ghkyvr9A76Bq/Q=</latexit>

x

z

Steiner SLT

Source p, Q ⊆ C( ), (1+ !)-spanner S of Q,
d(p,C(    )) = r. SSP is a geometric graph H:

! r

! r

dH[S(p, x)  (1 + ")||p, x || 8x 2 Q
<latexit sha1_base64="7HGKKP1/7aUUB8LPNxSPLjvkUcc="></latexit><latexit sha1_base64="7HGKKP1/7aUUB8LPNxSPLjvkUcc="></latexit><latexit sha1_base64="7HGKKP1/7aUUB8LPNxSPLjvkUcc="></latexit><latexit sha1_base64="7HGKKP1/7aUUB8LPNxSPLjvkUcc="></latexit>
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Lemma: Given a point p, a set of point Q enclosed in a circle C of radius 
!r where d(p,C) = r, and a (1+ !)-spanner S of Q, one can construct a 

graph H such that: 
(1) dH[S(p, x)  (1 + ")||p, x || 8x 2 Q
(2) w(H) = O(r)

<latexit sha1_base64="TBNlwZSc6r/JBa/h6KiTOFOxuJA="></latexit><latexit sha1_base64="TBNlwZSc6r/JBa/h6KiTOFOxuJA="></latexit><latexit sha1_base64="TBNlwZSc6r/JBa/h6KiTOFOxuJA="></latexit><latexit sha1_base64="TBNlwZSc6r/JBa/h6KiTOFOxuJA="></latexit>

2 ! r

r

p

Q



• Spread Δ: assume min. distance = 1 and max. distance = Δ
• Partition.                         into logΔ subsets:

• Find Steiner (1+ !)-spanner Hi for     separately

Steiner Spanner Construction: Overview

17

Goal: Find a Steiner (1+ !)-spanner G for P with w(G) = O(logΔ/!)w(MST)

P = {(p, q)}p 6=q2P
<latexit sha1_base64="/E4O4jGLIVaIB6ak84XTSDhZxPU="></latexit><latexit sha1_base64="/E4O4jGLIVaIB6ak84XTSDhZxPU="></latexit><latexit sha1_base64="/E4O4jGLIVaIB6ak84XTSDhZxPU="></latexit><latexit sha1_base64="/E4O4jGLIVaIB6ak84XTSDhZxPU="></latexit>

Pi = {(p, q) : ||p, q|| 2 (2i�1, 2i ]}
<latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit>

Pi
<latexit sha1_base64="M6gIkvqfSY6K6Y6gRhs2raN25j4=">AAACNHicbVDLSsNAFJ34rPXV6tLNYBFclUQEuyy4cVnBPqAN5WY6aYfOTOLMRCyh3+FWf8J/EdyJW7/BaZOFab1w4XDuvZxzTxBzpo3rfjgbm1vbO7ulvfL+weHRcaV60tFRoghtk4hHqheAppxJ2jbMcNqLFQURcNoNpreLefeJKs0i+WBmMfUFjCULGQFjKX8gwEwIcNwaMjys1Ny6uyy8Drwc1FBerWHVqQ5GEUkElYZw0LrvubHxU1CGEU7n5UGiaQxkCmPat1CCoNpPl67n+MIyIxxGyrY0eMn+vUhBaD0Tgd1cuNSrswX536yfmLDhp0zGiaGSZEJhwrGJ8CICPGKKEsNnFgBRzHrFZAIKiLFBFVSICBQbT0zhk1SDzMQL7HP2lg3RW41sHXSu6p5b9+6va81GHmcJnaFzdIk8dIOa6A61UBsR9Ihe0Ct6c96dT+fL+c5WN5z85hQVyvn5BW9Kq6I=</latexit><latexit sha1_base64="M6gIkvqfSY6K6Y6gRhs2raN25j4=">AAACNHicbVDLSsNAFJ34rPXV6tLNYBFclUQEuyy4cVnBPqAN5WY6aYfOTOLMRCyh3+FWf8J/EdyJW7/BaZOFab1w4XDuvZxzTxBzpo3rfjgbm1vbO7ulvfL+weHRcaV60tFRoghtk4hHqheAppxJ2jbMcNqLFQURcNoNpreLefeJKs0i+WBmMfUFjCULGQFjKX8gwEwIcNwaMjys1Ny6uyy8Drwc1FBerWHVqQ5GEUkElYZw0LrvubHxU1CGEU7n5UGiaQxkCmPat1CCoNpPl67n+MIyIxxGyrY0eMn+vUhBaD0Tgd1cuNSrswX536yfmLDhp0zGiaGSZEJhwrGJ8CICPGKKEsNnFgBRzHrFZAIKiLFBFVSICBQbT0zhk1SDzMQL7HP2lg3RW41sHXSu6p5b9+6va81GHmcJnaFzdIk8dIOa6A61UBsR9Ihe0Ct6c96dT+fL+c5WN5z85hQVyvn5BW9Kq6I=</latexit><latexit sha1_base64="M6gIkvqfSY6K6Y6gRhs2raN25j4=">AAACNHicbVDLSsNAFJ34rPXV6tLNYBFclUQEuyy4cVnBPqAN5WY6aYfOTOLMRCyh3+FWf8J/EdyJW7/BaZOFab1w4XDuvZxzTxBzpo3rfjgbm1vbO7ulvfL+weHRcaV60tFRoghtk4hHqheAppxJ2jbMcNqLFQURcNoNpreLefeJKs0i+WBmMfUFjCULGQFjKX8gwEwIcNwaMjys1Ny6uyy8Drwc1FBerWHVqQ5GEUkElYZw0LrvubHxU1CGEU7n5UGiaQxkCmPat1CCoNpPl67n+MIyIxxGyrY0eMn+vUhBaD0Tgd1cuNSrswX536yfmLDhp0zGiaGSZEJhwrGJ8CICPGKKEsNnFgBRzHrFZAIKiLFBFVSICBQbT0zhk1SDzMQL7HP2lg3RW41sHXSu6p5b9+6va81GHmcJnaFzdIk8dIOa6A61UBsR9Ihe0Ct6c96dT+fL+c5WN5z85hQVyvn5BW9Kq6I=</latexit><latexit sha1_base64="M6gIkvqfSY6K6Y6gRhs2raN25j4=">AAACNHicbVDLSsNAFJ34rPXV6tLNYBFclUQEuyy4cVnBPqAN5WY6aYfOTOLMRCyh3+FWf8J/EdyJW7/BaZOFab1w4XDuvZxzTxBzpo3rfjgbm1vbO7ulvfL+weHRcaV60tFRoghtk4hHqheAppxJ2jbMcNqLFQURcNoNpreLefeJKs0i+WBmMfUFjCULGQFjKX8gwEwIcNwaMjys1Ny6uyy8Drwc1FBerWHVqQ5GEUkElYZw0LrvubHxU1CGEU7n5UGiaQxkCmPat1CCoNpPl67n+MIyIxxGyrY0eMn+vUhBaD0Tgd1cuNSrswX536yfmLDhp0zGiaGSZEJhwrGJ8CICPGKKEsNnFgBRzHrFZAIKiLFBFVSICBQbT0zhk1SDzMQL7HP2lg3RW41sHXSu6p5b9+6va81GHmcJnaFzdIk8dIOa6A61UBsR9Ihe0Ct6c96dT+fL+c5WN5z85hQVyvn5BW9Kq6I=</latexit>

(1) dHi (p, q)  (1 + ✏)||p, q|| 8(p, q) 2 Pi
(2) w(Hi) = O(1/")w(MST)

<latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit>

Claim: is the desired spanner.G =
log�[

i=1

Hi

<latexit sha1_base64="4fpMbH/jSd/77s9foRS5CpO4H7U="></latexit><latexit sha1_base64="4fpMbH/jSd/77s9foRS5CpO4H7U="></latexit><latexit sha1_base64="4fpMbH/jSd/77s9foRS5CpO4H7U="></latexit><latexit sha1_base64="4fpMbH/jSd/77s9foRS5CpO4H7U="></latexit>



• Let r = 2i, and N be a ( "r)-net of P:

Proof:

18

Goal: Find Steiner (1+ ")-spanner Hi for Pi = {(p, q) : ||p, q|| 2 (2i�1, 2i ]}
<latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit>

(1) dHi (p, q)  (1 + ✏)||p, q|| 8(p, q) 2 Pi
(2) w(Hi) = O(1/")w(MST)

<latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit>

(1) 8x 6= y 2 N, ||x , y || >
p
"r

(2) 8z 2 P ,9x 2 N : ||x , z || 
p
"r

<latexit sha1_base64="0HEdTPy5TQq0lz+6JdiRtCABkTw="></latexit><latexit sha1_base64="0HEdTPy5TQq0lz+6JdiRtCABkTw="></latexit><latexit sha1_base64="0HEdTPy5TQq0lz+6JdiRtCABkTw="></latexit><latexit sha1_base64="0HEdTPy5TQq0lz+6JdiRtCABkTw="></latexit>

N = red pts.

{C(x ,
p
"r/2)}x2N are pairwise disjoint.

<latexit sha1_base64="C6aSPQJwExtghp0Bn8d6swugNR0="></latexit><latexit sha1_base64="C6aSPQJwExtghp0Bn8d6swugNR0="></latexit><latexit sha1_base64="C6aSPQJwExtghp0Bn8d6swugNR0="></latexit><latexit sha1_base64="C6aSPQJwExtghp0Bn8d6swugNR0="></latexit>

|N|
p
"r

2
 w(part of MST inside all circles)  w(MST)

<latexit sha1_base64="8hMvMnjSG0Sw9c66ZPWOzggzoBw="></latexit><latexit sha1_base64="8hMvMnjSG0Sw9c66ZPWOzggzoBw="></latexit><latexit sha1_base64="8hMvMnjSG0Sw9c66ZPWOzggzoBw="></latexit><latexit sha1_base64="8hMvMnjSG0Sw9c66ZPWOzggzoBw="></latexit>

Claim: |N| = O(
w(MST)p
"r

)
<latexit sha1_base64="2neMaFxZteUZB+42VsXKloLBsMc="></latexit><latexit sha1_base64="2neMaFxZteUZB+42VsXKloLBsMc="></latexit><latexit sha1_base64="2neMaFxZteUZB+42VsXKloLBsMc="></latexit><latexit sha1_base64="2neMaFxZteUZB+42VsXKloLBsMc="></latexit>

"r x

y

z

> "r



• Let r = 2i, and N be a ( "r)-net of P:

•
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Goal: Find Steiner (1+ ")-spanner Hi for Pi = {(p, q) : ||p, q|| 2 (2i�1, 2i ]}
<latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit>

(1) dHi (p, q)  (1 + ✏)||p, q|| 8(p, q) 2 Pi
(2) w(Hi) = O(1/")w(MST)

<latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit><latexit sha1_base64="Q8SKunsE42NiBqQIlT7zb2+8DSE="></latexit>

(1) 8x 6= y 2 N, ||x , y || >
p
"r

(2) 8z 2 P ,9x 2 N : ||x , z || 
p
"r

<latexit sha1_base64="0HEdTPy5TQq0lz+6JdiRtCABkTw="></latexit><latexit sha1_base64="0HEdTPy5TQq0lz+6JdiRtCABkTw="></latexit><latexit sha1_base64="0HEdTPy5TQq0lz+6JdiRtCABkTw="></latexit><latexit sha1_base64="0HEdTPy5TQq0lz+6JdiRtCABkTw="></latexit>

Claim:

If w(Hi) = O(
|N|rp
✏
) then:

<latexit sha1_base64="dfFgMb+vjgrrsHldP5+W8kwukAo="></latexit><latexit sha1_base64="dfFgMb+vjgrrsHldP5+W8kwukAo="></latexit><latexit sha1_base64="dfFgMb+vjgrrsHldP5+W8kwukAo="></latexit><latexit sha1_base64="dfFgMb+vjgrrsHldP5+W8kwukAo="></latexit>

w(Hi) = O(|N|
rp
"
) = O(

w(MST)p
"r

·
rp
"
) = O(

w(MST)

"
)

<latexit sha1_base64="y4ib7ACJX19S7zkM2qSGKGs6+mI="></latexit><latexit sha1_base64="y4ib7ACJX19S7zkM2qSGKGs6+mI="></latexit><latexit sha1_base64="y4ib7ACJX19S7zkM2qSGKGs6+mI="></latexit><latexit sha1_base64="y4ib7ACJX19S7zkM2qSGKGs6+mI="></latexit>

N = red pts.

|N| = O(
w(MST)p
"r

)
<latexit sha1_base64="2neMaFxZteUZB+42VsXKloLBsMc="></latexit><latexit sha1_base64="2neMaFxZteUZB+42VsXKloLBsMc="></latexit><latexit sha1_base64="2neMaFxZteUZB+42VsXKloLBsMc="></latexit><latexit sha1_base64="2neMaFxZteUZB+42VsXKloLBsMc="></latexit>



• “Cover” the plane by overlapping ▢ of size length 5r. 

• Focus on 1 square Q: preserve (p,q) s.t

20

Goal: Find Steiner (1+ !)-spanner Hi for Pi = {(p, q) : ||p, q|| 2 (r/2, r ]}
<latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit>

(a) 8x 2 N : x 2 at most 4 ⇤s
(b) 8(p, q) : ||p, q||  r ,9 ⇤ Q s.t p, q 2 Q

<latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit>

5r

p

q
Q

(1) dHi (p, q)  (1 + ")||p, q|| 8(p, q) 2 Pi

(2) w(Hi) = O(
|N|rp
"
) N is r

p
"-net of P

<latexit sha1_base64="tz0Co1sFZK9W3RJLcB+oL0v+IYI="></latexit><latexit sha1_base64="tz0Co1sFZK9W3RJLcB+oL0v+IYI="></latexit><latexit sha1_base64="tz0Co1sFZK9W3RJLcB+oL0v+IYI="></latexit><latexit sha1_base64="tz0Co1sFZK9W3RJLcB+oL0v+IYI="></latexit>

r

(p, q) 2 Pi \Q
<latexit sha1_base64="ozcrRq1eUI1/hLXWGfa6KLGGRi8=">AAACRnicbVDLSgNBEOyNr/hO9CjCYBAUJOyKoEfBi8cEzAOyIfROJsng7Ow6MyuGJSe/xqv+hL/gT3gTr06yezDGgoaiupvqriAWXBvX/XAKS8srq2vF9Y3Nre2d3VJ5r6mjRFHWoJGIVDtAzQSXrGG4EawdK4ZhIFgruL+Z9luPTGkeyTszjlk3xKHkA07RWKlXOjyJzx5Oic8l8UM0I4oirU163KcYk3qvVHGr7gxkkXg5qUCOWq/slP1+RJOQSUMFat3x3Nh0U1SGU8EmG36iWYz0HoesY6nEkOluOvtjQo6t0ieDSNmShszU3xsphlqPw8BOTm/Vf3tT8b9eJzGDq27KZZwYJmlmNEgEMRGZhkL6XDFqxNgSpIrbWwkdoUJqbHRzLjQMFB+OzNwnqUaZmc+pT9lbNkTvb2SLpHle9dyqV7+oXF/lcRbhAI7gBDy4hGu4hRo0gMIzvMArvDnvzqfz5XxnowUn39mHORTgB3UxsP4=</latexit><latexit sha1_base64="ozcrRq1eUI1/hLXWGfa6KLGGRi8=">AAACRnicbVDLSgNBEOyNr/hO9CjCYBAUJOyKoEfBi8cEzAOyIfROJsng7Ow6MyuGJSe/xqv+hL/gT3gTr06yezDGgoaiupvqriAWXBvX/XAKS8srq2vF9Y3Nre2d3VJ5r6mjRFHWoJGIVDtAzQSXrGG4EawdK4ZhIFgruL+Z9luPTGkeyTszjlk3xKHkA07RWKlXOjyJzx5Oic8l8UM0I4oirU163KcYk3qvVHGr7gxkkXg5qUCOWq/slP1+RJOQSUMFat3x3Nh0U1SGU8EmG36iWYz0HoesY6nEkOluOvtjQo6t0ieDSNmShszU3xsphlqPw8BOTm/Vf3tT8b9eJzGDq27KZZwYJmlmNEgEMRGZhkL6XDFqxNgSpIrbWwkdoUJqbHRzLjQMFB+OzNwnqUaZmc+pT9lbNkTvb2SLpHle9dyqV7+oXF/lcRbhAI7gBDy4hGu4hRo0gMIzvMArvDnvzqfz5XxnowUn39mHORTgB3UxsP4=</latexit><latexit sha1_base64="ozcrRq1eUI1/hLXWGfa6KLGGRi8=">AAACRnicbVDLSgNBEOyNr/hO9CjCYBAUJOyKoEfBi8cEzAOyIfROJsng7Ow6MyuGJSe/xqv+hL/gT3gTr06yezDGgoaiupvqriAWXBvX/XAKS8srq2vF9Y3Nre2d3VJ5r6mjRFHWoJGIVDtAzQSXrGG4EawdK4ZhIFgruL+Z9luPTGkeyTszjlk3xKHkA07RWKlXOjyJzx5Oic8l8UM0I4oirU163KcYk3qvVHGr7gxkkXg5qUCOWq/slP1+RJOQSUMFat3x3Nh0U1SGU8EmG36iWYz0HoesY6nEkOluOvtjQo6t0ieDSNmShszU3xsphlqPw8BOTm/Vf3tT8b9eJzGDq27KZZwYJmlmNEgEMRGZhkL6XDFqxNgSpIrbWwkdoUJqbHRzLjQMFB+OzNwnqUaZmc+pT9lbNkTvb2SLpHle9dyqV7+oXF/lcRbhAI7gBDy4hGu4hRo0gMIzvMArvDnvzqfz5XxnowUn39mHORTgB3UxsP4=</latexit><latexit sha1_base64="ozcrRq1eUI1/hLXWGfa6KLGGRi8=">AAACRnicbVDLSgNBEOyNr/hO9CjCYBAUJOyKoEfBi8cEzAOyIfROJsng7Ow6MyuGJSe/xqv+hL/gT3gTr06yezDGgoaiupvqriAWXBvX/XAKS8srq2vF9Y3Nre2d3VJ5r6mjRFHWoJGIVDtAzQSXrGG4EawdK4ZhIFgruL+Z9luPTGkeyTszjlk3xKHkA07RWKlXOjyJzx5Oic8l8UM0I4oirU163KcYk3qvVHGr7gxkkXg5qUCOWq/slP1+RJOQSUMFat3x3Nh0U1SGU8EmG36iWYz0HoesY6nEkOluOvtjQo6t0ieDSNmShszU3xsphlqPw8BOTm/Vf3tT8b9eJzGDq27KZZwYJmlmNEgEMRGZhkL6XDFqxNgSpIrbWwkdoUJqbHRzLjQMFB+OzNwnqUaZmc+pT9lbNkTvb2SLpHle9dyqV7+oXF/lcRbhAI7gBDy4hGu4hRo0gMIzvMArvDnvzqfz5XxnowUn39mHORTgB3UxsP4=</latexit>



Spanner in a Square
• Place grid with cell size (r/8)x(r/8)
• Horizontal band: a row of the grid.

• O(1) such bands

• Vertical band: a column of the grid

Proof: 
Otherwise, x,y both in ▢ of size length r/4.

21

Claim: (x,y) ∈ NxN such that ||x,y|| ∈ (r/2,r]. Then:
• x,y in two non-adjacent horizontal bands
• or x,y in two non-adjacent vertical bands

5r

r/8
x

y

x

y

r/4

||x , y || 
p
2 ·
r

4
<
r

2
<latexit sha1_base64="gQmUML2r1oPu5bIXjbTUqxN69CI="></latexit><latexit sha1_base64="gQmUML2r1oPu5bIXjbTUqxN69CI="></latexit><latexit sha1_base64="gQmUML2r1oPu5bIXjbTUqxN69CI="></latexit><latexit sha1_base64="gQmUML2r1oPu5bIXjbTUqxN69CI="></latexit>



Spanner in a Square (cont.)

22

5r

r/8

t1
<latexit sha1_base64="GoWGrKPMooIBBq3PUsy/MR7/BYM=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDd1itOw1nVWQTuDmoo7zawxquDUYRS0KugElqTN91YvBSqkEwyeeVQWJ4TNmUjnnfQkVDbrx09eucXFpmRIJI21ZAVuzfjZSGxsxC306GFCZmXVuS/2n9BIKmlwoVJ8AVyw4FiSQQkaVxMhKaM5AzCyjTwv5K2IRqysDGU7jCQl+L8QQKTlJDVXa8wL5mtmyI7npkm6B73XCdhvtwU2818zjL6BxdoCvkolvUQveojTqIoTF6Q+/oA3/iL7zA39loCec7Z6hQ+OcXnryntA==</latexit><latexit sha1_base64="GoWGrKPMooIBBq3PUsy/MR7/BYM=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDd1itOw1nVWQTuDmoo7zawxquDUYRS0KugElqTN91YvBSqkEwyeeVQWJ4TNmUjnnfQkVDbrx09eucXFpmRIJI21ZAVuzfjZSGxsxC306GFCZmXVuS/2n9BIKmlwoVJ8AVyw4FiSQQkaVxMhKaM5AzCyjTwv5K2IRqysDGU7jCQl+L8QQKTlJDVXa8wL5mtmyI7npkm6B73XCdhvtwU2818zjL6BxdoCvkolvUQveojTqIoTF6Q+/oA3/iL7zA39loCec7Z6hQ+OcXnryntA==</latexit><latexit sha1_base64="GoWGrKPMooIBBq3PUsy/MR7/BYM=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDd1itOw1nVWQTuDmoo7zawxquDUYRS0KugElqTN91YvBSqkEwyeeVQWJ4TNmUjnnfQkVDbrx09eucXFpmRIJI21ZAVuzfjZSGxsxC306GFCZmXVuS/2n9BIKmlwoVJ8AVyw4FiSQQkaVxMhKaM5AzCyjTwv5K2IRqysDGU7jCQl+L8QQKTlJDVXa8wL5mtmyI7npkm6B73XCdhvtwU2818zjL6BxdoCvkolvUQveojTqIoTF6Q+/oA3/iL7zA39loCec7Z6hQ+OcXnryntA==</latexit><latexit sha1_base64="GoWGrKPMooIBBq3PUsy/MR7/BYM=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDd1itOw1nVWQTuDmoo7zawxquDUYRS0KugElqTN91YvBSqkEwyeeVQWJ4TNmUjnnfQkVDbrx09eucXFpmRIJI21ZAVuzfjZSGxsxC306GFCZmXVuS/2n9BIKmlwoVJ8AVyw4FiSQQkaVxMhKaM5AzCyjTwv5K2IRqysDGU7jCQl+L8QQKTlJDVXa8wL5mtmyI7npkm6B73XCdhvtwU2818zjL6BxdoCvkolvUQveojTqIoTF6Q+/oA3/iL7zA39loCec7Z6hQ+OcXnryntA==</latexit>

t2
<latexit sha1_base64="mG6tQsS5rg9X5BidNp/VZtc07Pc=">AAACKnicbVDLSsNAFJ2pr1pfrS7dBIvgqiRFsMuCG5cV7QPaUCbTSTp0MgkzN2IJ/QS3+hN+jbvi1g9x2mRhWi9cOJxzL/ee48WCa7DtJS7t7O7tH5QPK0fHJ6dn1dp5T0eJoqxLIxGpgUc0E1yyLnAQbBArRkJPsL43u1/p/RemNI/kM8xj5oYkkNznlIChnmDcHFfrdsNel7UNnBzUUV6dcQ3XRpOIJiGTQAXReujYMbgpUcCpYIvKKNEsJnRGAjY0UJKQaTdd/7qwrg0zsfxImZZgrdm/GykJtZ6HnpkMCUz1prYi/9OGCfgtN+UyToBJmh3yE2FBZK2MWxOuGAUxN4BQxc2vFp0SRSiYeApXaOgpHkyh4CTVRGbHC+xrZsuE6GxGtg16zYZjN5zH23q7lcdZRpfoCt0gB92hNnpAHdRFFAXoDb2jD/yJv/ASf2ejJZzvXKBC4Z9foICntQ==</latexit><latexit sha1_base64="mG6tQsS5rg9X5BidNp/VZtc07Pc=">AAACKnicbVDLSsNAFJ2pr1pfrS7dBIvgqiRFsMuCG5cV7QPaUCbTSTp0MgkzN2IJ/QS3+hN+jbvi1g9x2mRhWi9cOJxzL/ee48WCa7DtJS7t7O7tH5QPK0fHJ6dn1dp5T0eJoqxLIxGpgUc0E1yyLnAQbBArRkJPsL43u1/p/RemNI/kM8xj5oYkkNznlIChnmDcHFfrdsNel7UNnBzUUV6dcQ3XRpOIJiGTQAXReujYMbgpUcCpYIvKKNEsJnRGAjY0UJKQaTdd/7qwrg0zsfxImZZgrdm/GykJtZ6HnpkMCUz1prYi/9OGCfgtN+UyToBJmh3yE2FBZK2MWxOuGAUxN4BQxc2vFp0SRSiYeApXaOgpHkyh4CTVRGbHC+xrZsuE6GxGtg16zYZjN5zH23q7lcdZRpfoCt0gB92hNnpAHdRFFAXoDb2jD/yJv/ASf2ejJZzvXKBC4Z9foICntQ==</latexit><latexit sha1_base64="mG6tQsS5rg9X5BidNp/VZtc07Pc=">AAACKnicbVDLSsNAFJ2pr1pfrS7dBIvgqiRFsMuCG5cV7QPaUCbTSTp0MgkzN2IJ/QS3+hN+jbvi1g9x2mRhWi9cOJxzL/ee48WCa7DtJS7t7O7tH5QPK0fHJ6dn1dp5T0eJoqxLIxGpgUc0E1yyLnAQbBArRkJPsL43u1/p/RemNI/kM8xj5oYkkNznlIChnmDcHFfrdsNel7UNnBzUUV6dcQ3XRpOIJiGTQAXReujYMbgpUcCpYIvKKNEsJnRGAjY0UJKQaTdd/7qwrg0zsfxImZZgrdm/GykJtZ6HnpkMCUz1prYi/9OGCfgtN+UyToBJmh3yE2FBZK2MWxOuGAUxN4BQxc2vFp0SRSiYeApXaOgpHkyh4CTVRGbHC+xrZsuE6GxGtg16zYZjN5zH23q7lcdZRpfoCt0gB92hNnpAHdRFFAXoDb2jD/yJv/ASf2ejJZzvXKBC4Z9foICntQ==</latexit><latexit sha1_base64="mG6tQsS5rg9X5BidNp/VZtc07Pc=">AAACKnicbVDLSsNAFJ2pr1pfrS7dBIvgqiRFsMuCG5cV7QPaUCbTSTp0MgkzN2IJ/QS3+hN+jbvi1g9x2mRhWi9cOJxzL/ee48WCa7DtJS7t7O7tH5QPK0fHJ6dn1dp5T0eJoqxLIxGpgUc0E1yyLnAQbBArRkJPsL43u1/p/RemNI/kM8xj5oYkkNznlIChnmDcHFfrdsNel7UNnBzUUV6dcQ3XRpOIJiGTQAXReujYMbgpUcCpYIvKKNEsJnRGAjY0UJKQaTdd/7qwrg0zsfxImZZgrdm/GykJtZ6HnpkMCUz1prYi/9OGCfgtN+UyToBJmh3yE2FBZK2MWxOuGAUxN4BQxc2vFp0SRSiYeApXaOgpHkyh4CTVRGbHC+xrZsuE6GxGtg16zYZjN5zH23q7lcdZRpfoCt0gB92hNnpAHdRFFAXoDb2jD/yJv/ASf2ejJZzvXKBC4Z9foICntQ==</latexit> ti

<latexit sha1_base64="CgkIhbA2hMxM+Sbl/pugyckhq9I=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDMazWnYazKrIJ3BzUUV7tYQ3XBqOIJSFXwCQ1pu86MXgp1SCY5PPKIDE8pmxKx7xvoaIhN166+nVOLi0zIkGkbSsgK/bvRkpDY2ahbydDChOzri3J/7R+AkHTS4WKE+CKZYeCRBKIyNI4GQnNGciZBZRpYX8lbEI1ZWDjKVxhoa/FeAIFJ6mhKjteYF8zWzZEdz2yTdC9brhOw324qbeaeZxldI4u0BVy0S1qoXvURh3E0Bi9oXf0gT/xF17g72y0hPOdM1Qo/PMLAaun7A==</latexit><latexit sha1_base64="CgkIhbA2hMxM+Sbl/pugyckhq9I=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDMazWnYazKrIJ3BzUUV7tYQ3XBqOIJSFXwCQ1pu86MXgp1SCY5PPKIDE8pmxKx7xvoaIhN166+nVOLi0zIkGkbSsgK/bvRkpDY2ahbydDChOzri3J/7R+AkHTS4WKE+CKZYeCRBKIyNI4GQnNGciZBZRpYX8lbEI1ZWDjKVxhoa/FeAIFJ6mhKjteYF8zWzZEdz2yTdC9brhOw324qbeaeZxldI4u0BVy0S1qoXvURh3E0Bi9oXf0gT/xF17g72y0hPOdM1Qo/PMLAaun7A==</latexit><latexit sha1_base64="CgkIhbA2hMxM+Sbl/pugyckhq9I=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDMazWnYazKrIJ3BzUUV7tYQ3XBqOIJSFXwCQ1pu86MXgp1SCY5PPKIDE8pmxKx7xvoaIhN166+nVOLi0zIkGkbSsgK/bvRkpDY2ahbydDChOzri3J/7R+AkHTS4WKE+CKZYeCRBKIyNI4GQnNGciZBZRpYX8lbEI1ZWDjKVxhoa/FeAIFJ6mhKjteYF8zWzZEdz2yTdC9brhOw324qbeaeZxldI4u0BVy0S1qoXvURh3E0Bi9oXf0gT/xF17g72y0hPOdM1Qo/PMLAaun7A==</latexit><latexit sha1_base64="CgkIhbA2hMxM+Sbl/pugyckhq9I=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDMazWnYazKrIJ3BzUUV7tYQ3XBqOIJSFXwCQ1pu86MXgp1SCY5PPKIDE8pmxKx7xvoaIhN166+nVOLi0zIkGkbSsgK/bvRkpDY2ahbydDChOzri3J/7R+AkHTS4WKE+CKZYeCRBKIyNI4GQnNGciZBZRpYX8lbEI1ZWDjKVxhoa/FeAIFJ6mhKjteYF8zWzZEdz2yTdC9brhOw324qbeaeZxldI4u0BVy0S1qoXvURh3E0Bi9oXf0gT/xF17g72y0hPOdM1Qo/PMLAaun7A==</latexit>

t1/p"
<latexit sha1_base64="OuI2thzem9NXfXFEGJDzcgCEo9Q=">AAACQXicbVDLSsNAFJ34rPXV6kZwEyyCq5qIYJcFNy4r2Ae0IUymk3boZBJnboolxK9xqz/hV/gJ7sStG6dNFqb1wMDh3Hs5c44XcabAsj6MtfWNza3t0k55d2//4LBSPeqoMJaEtknIQ9nzsKKcCdoGBpz2Iklx4HHa9Sa383l3SqVioXiAWUSdAI8E8xnBoCW3cgJuYl8O1KOEZDDFkkaK8VCkqVupWXVrAXOV2DmpoRwtt2pUB8OQxAEVQDhWqm9bETgJlsAIp2l5ECsaYTLBI9rXVOCAKidZREjNc60MTT+U+gkwF+rfiwQHSs0CT28GGMZqeTYX/5v1Y/AbTsJEFAMVJDPyY25CaM77MIdMUgJ8pgkmkum/mmSMJSagWyu4kMCTbDSGQpJEYZGZF9SnLJYu0V6ubJV0ruq2Vbfvr2vNRl5nCZ2iM3SBbHSDmugOtVAbEfSMXtArejPejU/jy/jOVteM/OYYFWD8/AJMkrGb</latexit><latexit sha1_base64="OuI2thzem9NXfXFEGJDzcgCEo9Q=">AAACQXicbVDLSsNAFJ34rPXV6kZwEyyCq5qIYJcFNy4r2Ae0IUymk3boZBJnboolxK9xqz/hV/gJ7sStG6dNFqb1wMDh3Hs5c44XcabAsj6MtfWNza3t0k55d2//4LBSPeqoMJaEtknIQ9nzsKKcCdoGBpz2Iklx4HHa9Sa383l3SqVioXiAWUSdAI8E8xnBoCW3cgJuYl8O1KOEZDDFkkaK8VCkqVupWXVrAXOV2DmpoRwtt2pUB8OQxAEVQDhWqm9bETgJlsAIp2l5ECsaYTLBI9rXVOCAKidZREjNc60MTT+U+gkwF+rfiwQHSs0CT28GGMZqeTYX/5v1Y/AbTsJEFAMVJDPyY25CaM77MIdMUgJ8pgkmkum/mmSMJSagWyu4kMCTbDSGQpJEYZGZF9SnLJYu0V6ubJV0ruq2Vbfvr2vNRl5nCZ2iM3SBbHSDmugOtVAbEfSMXtArejPejU/jy/jOVteM/OYYFWD8/AJMkrGb</latexit><latexit sha1_base64="OuI2thzem9NXfXFEGJDzcgCEo9Q=">AAACQXicbVDLSsNAFJ34rPXV6kZwEyyCq5qIYJcFNy4r2Ae0IUymk3boZBJnboolxK9xqz/hV/gJ7sStG6dNFqb1wMDh3Hs5c44XcabAsj6MtfWNza3t0k55d2//4LBSPeqoMJaEtknIQ9nzsKKcCdoGBpz2Iklx4HHa9Sa383l3SqVioXiAWUSdAI8E8xnBoCW3cgJuYl8O1KOEZDDFkkaK8VCkqVupWXVrAXOV2DmpoRwtt2pUB8OQxAEVQDhWqm9bETgJlsAIp2l5ECsaYTLBI9rXVOCAKidZREjNc60MTT+U+gkwF+rfiwQHSs0CT28GGMZqeTYX/5v1Y/AbTsJEFAMVJDPyY25CaM77MIdMUgJ8pgkmkum/mmSMJSagWyu4kMCTbDSGQpJEYZGZF9SnLJYu0V6ubJV0ruq2Vbfvr2vNRl5nCZ2iM3SBbHSDmugOtVAbEfSMXtArejPejU/jy/jOVteM/OYYFWD8/AJMkrGb</latexit><latexit sha1_base64="OuI2thzem9NXfXFEGJDzcgCEo9Q=">AAACQXicbVDLSsNAFJ34rPXV6kZwEyyCq5qIYJcFNy4r2Ae0IUymk3boZBJnboolxK9xqz/hV/gJ7sStG6dNFqb1wMDh3Hs5c44XcabAsj6MtfWNza3t0k55d2//4LBSPeqoMJaEtknIQ9nzsKKcCdoGBpz2Iklx4HHa9Sa383l3SqVioXiAWUSdAI8E8xnBoCW3cgJuYl8O1KOEZDDFkkaK8VCkqVupWXVrAXOV2DmpoRwtt2pUB8OQxAEVQDhWqm9bETgJlsAIp2l5ECsaYTLBI9rXVOCAKidZREjNc60MTT+U+gkwF+rfiwQHSs0CT28GGMZqeTYX/5v1Y/AbTsJEFAMVJDPyY25CaM77MIdMUgJ8pgkmkum/mmSMJSagWyu4kMCTbDSGQpJEYZGZF9SnLJYu0V6ubJV0ruq2Vbfvr2vNRl5nCZ2iM3SBbHSDmugOtVAbEfSMXtArejPejU/jy/jOVteM/OYYFWD8/AJMkrGb</latexit>

!r
y

SǫᴜᴀʀᴇSᴘᴀɴɴᴇʀ(Q)

1. Divide Q into a grid with cell size (r/8)x(r/8)

3. Foreach pair (X,Y) of non-adj. horizontal (vertical) bands

5.     Place O(1/ !) Steiner points {t1,t2…} on the mid-line

6.     Foreach point ti and each point x in N ∩ (X ∪ Y):

7.         HX,Y← HX,Y ∪ {a SS spanner from ti to C(x, !r)}

9. return HQ

2. HQ ← ∅ // square spanner

4.      HX,Y← ∅ // band spanner

8.     HQ ← HQ ∪ HX,Y

x
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y

SǫᴜᴀʀᴇSᴘᴀɴɴᴇʀ(Q)

1. Divide Q into a grid with cell size (r/8)x(r/8)

3. Foreach pair (X,Y) of non-adj. horizontal (vertical) bands

5.     Place O(1/ !) Steiner points {t1,t2…} on the mid-line

6.     Foreach point ti and each point x in N ∩ (X ∪ Y):

7.         HX,Y← HX,Y ∪ {a SS spanner from ti to C(x, !r)}

9. return HQ

2. HQ ← ∅ // square spanner

4.      HX,Y← ∅ // band spanner

8.     HQ ← HQ ∪ HX,Y

Claim:

Proof:

O(r) weight

w(HX,Y ) = O(
1p
"
)r |N \ (X [ Y )|

<latexit sha1_base64="JDS0ranGUWzm6M9lTh8Zjd7yZxg="></latexit><latexit sha1_base64="JDS0ranGUWzm6M9lTh8Zjd7yZxg="></latexit><latexit sha1_base64="JDS0ranGUWzm6M9lTh8Zjd7yZxg="></latexit><latexit sha1_base64="JDS0ranGUWzm6M9lTh8Zjd7yZxg="></latexit>

O(1) pairs

w(HQ) = O(
rp
"
)(
X

X,Y

|N \ (X [ Y )|)

= O(
rp
"
)|N \Q|

<latexit sha1_base64="AxjDUy/u39tG7o5qZiSkIATKagk="></latexit><latexit sha1_base64="AxjDUy/u39tG7o5qZiSkIATKagk="></latexit><latexit sha1_base64="AxjDUy/u39tG7o5qZiSkIATKagk="></latexit><latexit sha1_base64="AxjDUy/u39tG7o5qZiSkIATKagk="></latexit>

w(HQ) = O(
rp
"
|N \Q|)

<latexit sha1_base64="ZKf8QCPxNttWqwHt8OQZSgXCErw="></latexit><latexit sha1_base64="ZKf8QCPxNttWqwHt8OQZSgXCErw="></latexit><latexit sha1_base64="ZKf8QCPxNttWqwHt8OQZSgXCErw="></latexit><latexit sha1_base64="ZKf8QCPxNttWqwHt8OQZSgXCErw="></latexit>
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y

SǫᴜᴀʀᴇSᴘᴀɴɴᴇʀ(Q)

1. Divide Q into a grid with cell size (r/8)x(r/8)

3. Foreach pair (X,Y) of non-adj. horizontal (vertical) bands

5.     Place O(1/ !) Steiner points {t1,t2…} on the mid-line

6.     Foreach point ti and each point x in N ∩ (X ∪ Y):

7.         HX,Y← HX,Y ∪ {a SS spanner from ti to C(x, !r)}

9. return HQ

2. HQ ← ∅ // square spanner

4.      HX,Y← ∅ // band spanner

8.     HQ ← HQ ∪ HX,Y

Claim: w(HQ) = O(
rp
"
|N \Q|)

<latexit sha1_base64="ZKf8QCPxNttWqwHt8OQZSgXCErw="></latexit><latexit sha1_base64="ZKf8QCPxNttWqwHt8OQZSgXCErw="></latexit><latexit sha1_base64="ZKf8QCPxNttWqwHt8OQZSgXCErw="></latexit><latexit sha1_base64="ZKf8QCPxNttWqwHt8OQZSgXCErw="></latexit>

Claim: any 
then:   dHQ(p, q)  (1 + ")||p, q||

<latexit sha1_base64="DQXub1b/qCImREj6hWx/XfI5+hs="></latexit><latexit sha1_base64="DQXub1b/qCImREj6hWx/XfI5+hs="></latexit><latexit sha1_base64="DQXub1b/qCImREj6hWx/XfI5+hs="></latexit><latexit sha1_base64="DQXub1b/qCImREj6hWx/XfI5+hs="></latexit>

t1
<latexit sha1_base64="GoWGrKPMooIBBq3PUsy/MR7/BYM=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDd1itOw1nVWQTuDmoo7zawxquDUYRS0KugElqTN91YvBSqkEwyeeVQWJ4TNmUjnnfQkVDbrx09eucXFpmRIJI21ZAVuzfjZSGxsxC306GFCZmXVuS/2n9BIKmlwoVJ8AVyw4FiSQQkaVxMhKaM5AzCyjTwv5K2IRqysDGU7jCQl+L8QQKTlJDVXa8wL5mtmyI7npkm6B73XCdhvtwU2818zjL6BxdoCvkolvUQveojTqIoTF6Q+/oA3/iL7zA39loCec7Z6hQ+OcXnryntA==</latexit><latexit sha1_base64="GoWGrKPMooIBBq3PUsy/MR7/BYM=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDd1itOw1nVWQTuDmoo7zawxquDUYRS0KugElqTN91YvBSqkEwyeeVQWJ4TNmUjnnfQkVDbrx09eucXFpmRIJI21ZAVuzfjZSGxsxC306GFCZmXVuS/2n9BIKmlwoVJ8AVyw4FiSQQkaVxMhKaM5AzCyjTwv5K2IRqysDGU7jCQl+L8QQKTlJDVXa8wL5mtmyI7npkm6B73XCdhvtwU2818zjL6BxdoCvkolvUQveojTqIoTF6Q+/oA3/iL7zA39loCec7Z6hQ+OcXnryntA==</latexit><latexit sha1_base64="GoWGrKPMooIBBq3PUsy/MR7/BYM=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDd1itOw1nVWQTuDmoo7zawxquDUYRS0KugElqTN91YvBSqkEwyeeVQWJ4TNmUjnnfQkVDbrx09eucXFpmRIJI21ZAVuzfjZSGxsxC306GFCZmXVuS/2n9BIKmlwoVJ8AVyw4FiSQQkaVxMhKaM5AzCyjTwv5K2IRqysDGU7jCQl+L8QQKTlJDVXa8wL5mtmyI7npkm6B73XCdhvtwU2818zjL6BxdoCvkolvUQveojTqIoTF6Q+/oA3/iL7zA39loCec7Z6hQ+OcXnryntA==</latexit><latexit sha1_base64="GoWGrKPMooIBBq3PUsy/MR7/BYM=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDd1itOw1nVWQTuDmoo7zawxquDUYRS0KugElqTN91YvBSqkEwyeeVQWJ4TNmUjnnfQkVDbrx09eucXFpmRIJI21ZAVuzfjZSGxsxC306GFCZmXVuS/2n9BIKmlwoVJ8AVyw4FiSQQkaVxMhKaM5AzCyjTwv5K2IRqysDGU7jCQl+L8QQKTlJDVXa8wL5mtmyI7npkm6B73XCdhvtwU2818zjL6BxdoCvkolvUQveojTqIoTF6Q+/oA3/iL7zA39loCec7Z6hQ+OcXnryntA==</latexit>

t2
<latexit sha1_base64="mG6tQsS5rg9X5BidNp/VZtc07Pc=">AAACKnicbVDLSsNAFJ2pr1pfrS7dBIvgqiRFsMuCG5cV7QPaUCbTSTp0MgkzN2IJ/QS3+hN+jbvi1g9x2mRhWi9cOJxzL/ee48WCa7DtJS7t7O7tH5QPK0fHJ6dn1dp5T0eJoqxLIxGpgUc0E1yyLnAQbBArRkJPsL43u1/p/RemNI/kM8xj5oYkkNznlIChnmDcHFfrdsNel7UNnBzUUV6dcQ3XRpOIJiGTQAXReujYMbgpUcCpYIvKKNEsJnRGAjY0UJKQaTdd/7qwrg0zsfxImZZgrdm/GykJtZ6HnpkMCUz1prYi/9OGCfgtN+UyToBJmh3yE2FBZK2MWxOuGAUxN4BQxc2vFp0SRSiYeApXaOgpHkyh4CTVRGbHC+xrZsuE6GxGtg16zYZjN5zH23q7lcdZRpfoCt0gB92hNnpAHdRFFAXoDb2jD/yJv/ASf2ejJZzvXKBC4Z9foICntQ==</latexit><latexit sha1_base64="mG6tQsS5rg9X5BidNp/VZtc07Pc=">AAACKnicbVDLSsNAFJ2pr1pfrS7dBIvgqiRFsMuCG5cV7QPaUCbTSTp0MgkzN2IJ/QS3+hN+jbvi1g9x2mRhWi9cOJxzL/ee48WCa7DtJS7t7O7tH5QPK0fHJ6dn1dp5T0eJoqxLIxGpgUc0E1yyLnAQbBArRkJPsL43u1/p/RemNI/kM8xj5oYkkNznlIChnmDcHFfrdsNel7UNnBzUUV6dcQ3XRpOIJiGTQAXReujYMbgpUcCpYIvKKNEsJnRGAjY0UJKQaTdd/7qwrg0zsfxImZZgrdm/GykJtZ6HnpkMCUz1prYi/9OGCfgtN+UyToBJmh3yE2FBZK2MWxOuGAUxN4BQxc2vFp0SRSiYeApXaOgpHkyh4CTVRGbHC+xrZsuE6GxGtg16zYZjN5zH23q7lcdZRpfoCt0gB92hNnpAHdRFFAXoDb2jD/yJv/ASf2ejJZzvXKBC4Z9foICntQ==</latexit><latexit sha1_base64="mG6tQsS5rg9X5BidNp/VZtc07Pc=">AAACKnicbVDLSsNAFJ2pr1pfrS7dBIvgqiRFsMuCG5cV7QPaUCbTSTp0MgkzN2IJ/QS3+hN+jbvi1g9x2mRhWi9cOJxzL/ee48WCa7DtJS7t7O7tH5QPK0fHJ6dn1dp5T0eJoqxLIxGpgUc0E1yyLnAQbBArRkJPsL43u1/p/RemNI/kM8xj5oYkkNznlIChnmDcHFfrdsNel7UNnBzUUV6dcQ3XRpOIJiGTQAXReujYMbgpUcCpYIvKKNEsJnRGAjY0UJKQaTdd/7qwrg0zsfxImZZgrdm/GykJtZ6HnpkMCUz1prYi/9OGCfgtN+UyToBJmh3yE2FBZK2MWxOuGAUxN4BQxc2vFp0SRSiYeApXaOgpHkyh4CTVRGbHC+xrZsuE6GxGtg16zYZjN5zH23q7lcdZRpfoCt0gB92hNnpAHdRFFAXoDb2jD/yJv/ASf2ejJZzvXKBC4Z9foICntQ==</latexit><latexit sha1_base64="mG6tQsS5rg9X5BidNp/VZtc07Pc=">AAACKnicbVDLSsNAFJ2pr1pfrS7dBIvgqiRFsMuCG5cV7QPaUCbTSTp0MgkzN2IJ/QS3+hN+jbvi1g9x2mRhWi9cOJxzL/ee48WCa7DtJS7t7O7tH5QPK0fHJ6dn1dp5T0eJoqxLIxGpgUc0E1yyLnAQbBArRkJPsL43u1/p/RemNI/kM8xj5oYkkNznlIChnmDcHFfrdsNel7UNnBzUUV6dcQ3XRpOIJiGTQAXReujYMbgpUcCpYIvKKNEsJnRGAjY0UJKQaTdd/7qwrg0zsfxImZZgrdm/GykJtZ6HnpkMCUz1prYi/9OGCfgtN+UyToBJmh3yE2FBZK2MWxOuGAUxN4BQxc2vFp0SRSiYeApXaOgpHkyh4CTVRGbHC+xrZsuE6GxGtg16zYZjN5zH23q7lcdZRpfoCt0gB92hNnpAHdRFFAXoDb2jD/yJv/ASf2ejJZzvXKBC4Z9foICntQ==</latexit> ti

<latexit sha1_base64="CgkIhbA2hMxM+Sbl/pugyckhq9I=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDMazWnYazKrIJ3BzUUV7tYQ3XBqOIJSFXwCQ1pu86MXgp1SCY5PPKIDE8pmxKx7xvoaIhN166+nVOLi0zIkGkbSsgK/bvRkpDY2ahbydDChOzri3J/7R+AkHTS4WKE+CKZYeCRBKIyNI4GQnNGciZBZRpYX8lbEI1ZWDjKVxhoa/FeAIFJ6mhKjteYF8zWzZEdz2yTdC9brhOw324qbeaeZxldI4u0BVy0S1qoXvURh3E0Bi9oXf0gT/xF17g72y0hPOdM1Qo/PMLAaun7A==</latexit><latexit sha1_base64="CgkIhbA2hMxM+Sbl/pugyckhq9I=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDMazWnYazKrIJ3BzUUV7tYQ3XBqOIJSFXwCQ1pu86MXgp1SCY5PPKIDE8pmxKx7xvoaIhN166+nVOLi0zIkGkbSsgK/bvRkpDY2ahbydDChOzri3J/7R+AkHTS4WKE+CKZYeCRBKIyNI4GQnNGciZBZRpYX8lbEI1ZWDjKVxhoa/FeAIFJ6mhKjteYF8zWzZEdz2yTdC9brhOw324qbeaeZxldI4u0BVy0S1qoXvURh3E0Bi9oXf0gT/xF17g72y0hPOdM1Qo/PMLAaun7A==</latexit><latexit sha1_base64="CgkIhbA2hMxM+Sbl/pugyckhq9I=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDMazWnYazKrIJ3BzUUV7tYQ3XBqOIJSFXwCQ1pu86MXgp1SCY5PPKIDE8pmxKx7xvoaIhN166+nVOLi0zIkGkbSsgK/bvRkpDY2ahbydDChOzri3J/7R+AkHTS4WKE+CKZYeCRBKIyNI4GQnNGciZBZRpYX8lbEI1ZWDjKVxhoa/FeAIFJ6mhKjteYF8zWzZEdz2yTdC9brhOw324qbeaeZxldI4u0BVy0S1qoXvURh3E0Bi9oXf0gT/xF17g72y0hPOdM1Qo/PMLAaun7A==</latexit><latexit sha1_base64="CgkIhbA2hMxM+Sbl/pugyckhq9I=">AAACKnicbVBNS8NAEN2tX7V+tXr0slgETyURwR4LXjxWtLXQhrLZbtqlm03YnYgl9Cd41T/hr/FWvPpD3DY5mNaBgcd7M8y858dSGHCcBS5tbe/s7pX3KweHR8cn1dpp10SJZrzDIhnpnk8Nl0LxDgiQvBdrTkNf8md/erfUn1+4NiJSTzCLuRfSsRKBYBQs9QhDMazWnYazKrIJ3BzUUV7tYQ3XBqOIJSFXwCQ1pu86MXgp1SCY5PPKIDE8pmxKx7xvoaIhN166+nVOLi0zIkGkbSsgK/bvRkpDY2ahbydDChOzri3J/7R+AkHTS4WKE+CKZYeCRBKIyNI4GQnNGciZBZRpYX8lbEI1ZWDjKVxhoa/FeAIFJ6mhKjteYF8zWzZEdz2yTdC9brhOw324qbeaeZxldI4u0BVy0S1qoXvURh3E0Bi9oXf0gT/xF17g72y0hPOdM1Qo/PMLAaun7A==</latexit>

!r

p

q

r/8

(p, q) 2 Pi \Q
<latexit sha1_base64="8sHQwHM49cZq6mxDwpPcfXxeH2o="></latexit><latexit sha1_base64="8sHQwHM49cZq6mxDwpPcfXxeH2o="></latexit><latexit sha1_base64="8sHQwHM49cZq6mxDwpPcfXxeH2o="></latexit><latexit sha1_base64="8sHQwHM49cZq6mxDwpPcfXxeH2o="></latexit>



• For each square Q:
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Goal: Find Steiner (1+ !)-spanner Hi for Pi = {(p, q) : ||p, q|| 2 (r/2, r ]}
<latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit>

(a) 8x 2 N : x 2 at most 4 ⇤s
(b) 8(p, q) : ||p, q||  r ,9 ⇤ Q s.t p, q 2 Q

<latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit>

r

5r

p

q
Q

(1) dHi (p, q)  (1 + ")||p, q|| 8(p, q) 2 Pi

(2) w(Hi) = O(
|N|rp
"
) N is r

p
"-net of P

<latexit sha1_base64="A88juYUrPo/EEK/zSiztx5vTMK8="></latexit><latexit sha1_base64="A88juYUrPo/EEK/zSiztx5vTMK8="></latexit><latexit sha1_base64="A88juYUrPo/EEK/zSiztx5vTMK8="></latexit><latexit sha1_base64="A88juYUrPo/EEK/zSiztx5vTMK8="></latexit>

• “Cover” the plane by overlapping ▢ of size length 5r. 

w(HQ) = O(
rp
"
|N \Q|)

<latexit sha1_base64="5R1L4ehguUE40L0x7u+5gwlyRLg="></latexit><latexit sha1_base64="5R1L4ehguUE40L0x7u+5gwlyRLg="></latexit><latexit sha1_base64="5R1L4ehguUE40L0x7u+5gwlyRLg="></latexit><latexit sha1_base64="5R1L4ehguUE40L0x7u+5gwlyRLg="></latexit>

• Let 
Hi =

[

Q

HQ

<latexit sha1_base64="hYbt43hRfDu2g0cFSa702Th90f4=">AAACQHicbVDLSsNAFJ3UV62vVhcu3AwWwVVJRNCFQsFNly3YB7QhTKaTdOhkEmYmYgn5Grf6E/6Ff+BO3Lpy0mRhWg/McDjnXu69x40Ylco0P4zKxubW9k51t7a3f3B4VG8cD2QYC0z6OGShGLlIEkY56SuqGBlFgqDAZWTozh8yf/hEhKQhf1SLiNgB8jn1KEZKS079tONQeA8nLvVxHDlJL4Wd7HfqTbNlLgHXiVWQJijQdRpGYzINcRwQrjBDUo4tM1J2goSimJG0NokliRCeI5+MNeUoINJOlhek8EIrU+iFQj+u4FL925GgQMpF4OrKAKmZXPUy8T9vHCvv1k4oj2JFOM4HeTGDKoRZHHBKBcGKLTRBWFC9K8QzJBBWOrTSFBy4gvozVbokkYjnw0vqc36WDtFajWydDK5altmyetfN9l0RZxWcgXNwCSxwA9qgA7qgDzBIwQt4BW/Gu/FpfBnfeWnFKHpOQAnGzy/hMa/I</latexit><latexit sha1_base64="hYbt43hRfDu2g0cFSa702Th90f4=">AAACQHicbVDLSsNAFJ3UV62vVhcu3AwWwVVJRNCFQsFNly3YB7QhTKaTdOhkEmYmYgn5Grf6E/6Ff+BO3Lpy0mRhWg/McDjnXu69x40Ylco0P4zKxubW9k51t7a3f3B4VG8cD2QYC0z6OGShGLlIEkY56SuqGBlFgqDAZWTozh8yf/hEhKQhf1SLiNgB8jn1KEZKS079tONQeA8nLvVxHDlJL4Wd7HfqTbNlLgHXiVWQJijQdRpGYzINcRwQrjBDUo4tM1J2goSimJG0NokliRCeI5+MNeUoINJOlhek8EIrU+iFQj+u4FL925GgQMpF4OrKAKmZXPUy8T9vHCvv1k4oj2JFOM4HeTGDKoRZHHBKBcGKLTRBWFC9K8QzJBBWOrTSFBy4gvozVbokkYjnw0vqc36WDtFajWydDK5altmyetfN9l0RZxWcgXNwCSxwA9qgA7qgDzBIwQt4BW/Gu/FpfBnfeWnFKHpOQAnGzy/hMa/I</latexit><latexit sha1_base64="hYbt43hRfDu2g0cFSa702Th90f4=">AAACQHicbVDLSsNAFJ3UV62vVhcu3AwWwVVJRNCFQsFNly3YB7QhTKaTdOhkEmYmYgn5Grf6E/6Ff+BO3Lpy0mRhWg/McDjnXu69x40Ylco0P4zKxubW9k51t7a3f3B4VG8cD2QYC0z6OGShGLlIEkY56SuqGBlFgqDAZWTozh8yf/hEhKQhf1SLiNgB8jn1KEZKS079tONQeA8nLvVxHDlJL4Wd7HfqTbNlLgHXiVWQJijQdRpGYzINcRwQrjBDUo4tM1J2goSimJG0NokliRCeI5+MNeUoINJOlhek8EIrU+iFQj+u4FL925GgQMpF4OrKAKmZXPUy8T9vHCvv1k4oj2JFOM4HeTGDKoRZHHBKBcGKLTRBWFC9K8QzJBBWOrTSFBy4gvozVbokkYjnw0vqc36WDtFajWydDK5altmyetfN9l0RZxWcgXNwCSxwA9qgA7qgDzBIwQt4BW/Gu/FpfBnfeWnFKHpOQAnGzy/hMa/I</latexit><latexit sha1_base64="hYbt43hRfDu2g0cFSa702Th90f4=">AAACQHicbVDLSsNAFJ3UV62vVhcu3AwWwVVJRNCFQsFNly3YB7QhTKaTdOhkEmYmYgn5Grf6E/6Ff+BO3Lpy0mRhWg/McDjnXu69x40Ylco0P4zKxubW9k51t7a3f3B4VG8cD2QYC0z6OGShGLlIEkY56SuqGBlFgqDAZWTozh8yf/hEhKQhf1SLiNgB8jn1KEZKS079tONQeA8nLvVxHDlJL4Wd7HfqTbNlLgHXiVWQJijQdRpGYzINcRwQrjBDUo4tM1J2goSimJG0NokliRCeI5+MNeUoINJOlhek8EIrU+iFQj+u4FL925GgQMpF4OrKAKmZXPUy8T9vHCvv1k4oj2JFOM4HeTGDKoRZHHBKBcGKLTRBWFC9K8QzJBBWOrTSFBy4gvozVbokkYjnw0vqc36WDtFajWydDK5altmyetfN9l0RZxWcgXNwCSxwA9qgA7qgDzBIwQt4BW/Gu/FpfBnfeWnFKHpOQAnGzy/hMa/I</latexit>

dHQ(p, q)  (1 + ")||p, q|| 8(p, q) 2 Pi \Q
<latexit sha1_base64="SNtSPsZM4UAyL+R3QP42rfaDBLA="></latexit><latexit sha1_base64="SNtSPsZM4UAyL+R3QP42rfaDBLA="></latexit><latexit sha1_base64="SNtSPsZM4UAyL+R3QP42rfaDBLA="></latexit><latexit sha1_base64="SNtSPsZM4UAyL+R3QP42rfaDBLA="></latexit>
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Goal: Find Steiner (1+ !)-spanner Hi for Pi = {(p, q) : ||p, q|| 2 (r/2, r ]}
<latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit><latexit sha1_base64="78YXhcUeBAuSsU7pFoOY5YAc9wg="></latexit>

(a) 8x 2 N : x 2 at most 4 ⇤s
(b) 8(p, q) : ||p, q||  r ,9 ⇤ Q s.t p, q 2 Q

<latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit><latexit sha1_base64="o3NAyYG7VD3Ac5UV/eoP02qmARY="></latexit>

(1) dHi (p, q)  (1 + ")||p, q|| 8(p, q) 2 Pi

(2) w(Hi) = O(
|N|rp
"
) N is r

p
"-net of P

<latexit sha1_base64="A88juYUrPo/EEK/zSiztx5vTMK8="></latexit><latexit sha1_base64="A88juYUrPo/EEK/zSiztx5vTMK8="></latexit><latexit sha1_base64="A88juYUrPo/EEK/zSiztx5vTMK8="></latexit><latexit sha1_base64="A88juYUrPo/EEK/zSiztx5vTMK8="></latexit>

• “Cover” the plane by overlapping ▢ of size length 5r. 

• Let 
Hi =

[

Q

HQ

<latexit sha1_base64="hYbt43hRfDu2g0cFSa702Th90f4=">AAACQHicbVDLSsNAFJ3UV62vVhcu3AwWwVVJRNCFQsFNly3YB7QhTKaTdOhkEmYmYgn5Grf6E/6Ff+BO3Lpy0mRhWg/McDjnXu69x40Ylco0P4zKxubW9k51t7a3f3B4VG8cD2QYC0z6OGShGLlIEkY56SuqGBlFgqDAZWTozh8yf/hEhKQhf1SLiNgB8jn1KEZKS079tONQeA8nLvVxHDlJL4Wd7HfqTbNlLgHXiVWQJijQdRpGYzINcRwQrjBDUo4tM1J2goSimJG0NokliRCeI5+MNeUoINJOlhek8EIrU+iFQj+u4FL925GgQMpF4OrKAKmZXPUy8T9vHCvv1k4oj2JFOM4HeTGDKoRZHHBKBcGKLTRBWFC9K8QzJBBWOrTSFBy4gvozVbokkYjnw0vqc36WDtFajWydDK5altmyetfN9l0RZxWcgXNwCSxwA9qgA7qgDzBIwQt4BW/Gu/FpfBnfeWnFKHpOQAnGzy/hMa/I</latexit><latexit sha1_base64="hYbt43hRfDu2g0cFSa702Th90f4=">AAACQHicbVDLSsNAFJ3UV62vVhcu3AwWwVVJRNCFQsFNly3YB7QhTKaTdOhkEmYmYgn5Grf6E/6Ff+BO3Lpy0mRhWg/McDjnXu69x40Ylco0P4zKxubW9k51t7a3f3B4VG8cD2QYC0z6OGShGLlIEkY56SuqGBlFgqDAZWTozh8yf/hEhKQhf1SLiNgB8jn1KEZKS079tONQeA8nLvVxHDlJL4Wd7HfqTbNlLgHXiVWQJijQdRpGYzINcRwQrjBDUo4tM1J2goSimJG0NokliRCeI5+MNeUoINJOlhek8EIrU+iFQj+u4FL925GgQMpF4OrKAKmZXPUy8T9vHCvv1k4oj2JFOM4HeTGDKoRZHHBKBcGKLTRBWFC9K8QzJBBWOrTSFBy4gvozVbokkYjnw0vqc36WDtFajWydDK5altmyetfN9l0RZxWcgXNwCSxwA9qgA7qgDzBIwQt4BW/Gu/FpfBnfeWnFKHpOQAnGzy/hMa/I</latexit><latexit sha1_base64="hYbt43hRfDu2g0cFSa702Th90f4=">AAACQHicbVDLSsNAFJ3UV62vVhcu3AwWwVVJRNCFQsFNly3YB7QhTKaTdOhkEmYmYgn5Grf6E/6Ff+BO3Lpy0mRhWg/McDjnXu69x40Ylco0P4zKxubW9k51t7a3f3B4VG8cD2QYC0z6OGShGLlIEkY56SuqGBlFgqDAZWTozh8yf/hEhKQhf1SLiNgB8jn1KEZKS079tONQeA8nLvVxHDlJL4Wd7HfqTbNlLgHXiVWQJijQdRpGYzINcRwQrjBDUo4tM1J2goSimJG0NokliRCeI5+MNeUoINJOlhek8EIrU+iFQj+u4FL925GgQMpF4OrKAKmZXPUy8T9vHCvv1k4oj2JFOM4HeTGDKoRZHHBKBcGKLTRBWFC9K8QzJBBWOrTSFBy4gvozVbokkYjnw0vqc36WDtFajWydDK5altmyetfN9l0RZxWcgXNwCSxwA9qgA7qgDzBIwQt4BW/Gu/FpfBnfeWnFKHpOQAnGzy/hMa/I</latexit><latexit sha1_base64="hYbt43hRfDu2g0cFSa702Th90f4=">AAACQHicbVDLSsNAFJ3UV62vVhcu3AwWwVVJRNCFQsFNly3YB7QhTKaTdOhkEmYmYgn5Grf6E/6Ff+BO3Lpy0mRhWg/McDjnXu69x40Ylco0P4zKxubW9k51t7a3f3B4VG8cD2QYC0z6OGShGLlIEkY56SuqGBlFgqDAZWTozh8yf/hEhKQhf1SLiNgB8jn1KEZKS079tONQeA8nLvVxHDlJL4Wd7HfqTbNlLgHXiVWQJijQdRpGYzINcRwQrjBDUo4tM1J2goSimJG0NokliRCeI5+MNeUoINJOlhek8EIrU+iFQj+u4FL925GgQMpF4OrKAKmZXPUy8T9vHCvv1k4oj2JFOM4HeTGDKoRZHHBKBcGKLTRBWFC9K8QzJBBWOrTSFBy4gvozVbokkYjnw0vqc36WDtFajWydDK5altmyetfN9l0RZxWcgXNwCSxwA9qgA7qgDzBIwQt4BW/Gu/FpfBnfeWnFKHpOQAnGzy/hMa/I</latexit>

w(Hi) = O(
rp
"
)
X

Q

|N \Q|
<latexit sha1_base64="0DRtPmIQQ429rfdNUHC+CqeNr1o="></latexit><latexit sha1_base64="0DRtPmIQQ429rfdNUHC+CqeNr1o="></latexit><latexit sha1_base64="0DRtPmIQQ429rfdNUHC+CqeNr1o="></latexit><latexit sha1_base64="0DRtPmIQQ429rfdNUHC+CqeNr1o="></latexit>

= O(
r |N|p
"
)

<latexit sha1_base64="b0OpzOT0bTUH1TvhyYm1AkYVr+g="></latexit><latexit sha1_base64="b0OpzOT0bTUH1TvhyYm1AkYVr+g="></latexit><latexit sha1_base64="b0OpzOT0bTUH1TvhyYm1AkYVr+g="></latexit><latexit sha1_base64="b0OpzOT0bTUH1TvhyYm1AkYVr+g="></latexit>

• For each square Q: w(HQ) = O(
rp
"
|N \Q|)

<latexit sha1_base64="5R1L4ehguUE40L0x7u+5gwlyRLg="></latexit><latexit sha1_base64="5R1L4ehguUE40L0x7u+5gwlyRLg="></latexit><latexit sha1_base64="5R1L4ehguUE40L0x7u+5gwlyRLg="></latexit><latexit sha1_base64="5R1L4ehguUE40L0x7u+5gwlyRLg="></latexit>

dHi (p, q)  (1 + ")||p, q||
<latexit sha1_base64="rh7qwNKgJOjWoXWEUCeF8qST20w="></latexit><latexit sha1_base64="rh7qwNKgJOjWoXWEUCeF8qST20w="></latexit><latexit sha1_base64="rh7qwNKgJOjWoXWEUCeF8qST20w="></latexit><latexit sha1_base64="rh7qwNKgJOjWoXWEUCeF8qST20w="></latexit>

8(p, q) 2 Pi
<latexit sha1_base64="ZPQQ2SdoHknmHR4TpsCnxeiXdFo="></latexit><latexit sha1_base64="ZPQQ2SdoHknmHR4TpsCnxeiXdFo="></latexit><latexit sha1_base64="ZPQQ2SdoHknmHR4TpsCnxeiXdFo="></latexit><latexit sha1_base64="ZPQQ2SdoHknmHR4TpsCnxeiXdFo="></latexit>

✓
✓

dHQ(p, q)  (1 + ")||p, q|| 8(p, q) 2 Pi \Q
<latexit sha1_base64="SNtSPsZM4UAyL+R3QP42rfaDBLA="></latexit><latexit sha1_base64="SNtSPsZM4UAyL+R3QP42rfaDBLA="></latexit><latexit sha1_base64="SNtSPsZM4UAyL+R3QP42rfaDBLA="></latexit><latexit sha1_base64="SNtSPsZM4UAyL+R3QP42rfaDBLA="></latexit>



• Spread Δ: assume min. distance = 1 and max. distance = Δ
• Partition.                         into logΔ subsets:

• Find Steiner (1+ !)-spanner Hi for 

Steiner Spanner Construction: Overview
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Goal: Find a Steiner (1+ !)-spanner G for P with w(G) = O(logΔ/!)w(MST)

P = {(p, q)}p 6=q2P
<latexit sha1_base64="/E4O4jGLIVaIB6ak84XTSDhZxPU="></latexit><latexit sha1_base64="/E4O4jGLIVaIB6ak84XTSDhZxPU="></latexit><latexit sha1_base64="/E4O4jGLIVaIB6ak84XTSDhZxPU="></latexit><latexit sha1_base64="/E4O4jGLIVaIB6ak84XTSDhZxPU="></latexit>

Pi = {(p, q) : ||p, q|| 2 (2i�1, 2i ]}
<latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit><latexit sha1_base64="oBX8T/0fnUAgMHB9yN1Mb65dwSQ="></latexit>

Pi
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(1) dHi (p, q)  (1 + ✏)||p, q|| 8(p, q) 2 Pi
(2) w(Hi) = O(1/")w(MST)
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Claim: is the desired spanner.G =
log�[

i=1

Hi
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✓
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Given P ∊ R2, one can construct a Steiner (1+ ")-spanner G for P with lightness:

Theorem 1 [LS20]

Lightness(G) =
w(G)

w(MST)
= O(

log�

✏
)

<latexit sha1_base64="bnu8829AjHCQAN6XYH7Sz2GT2PY="></latexit><latexit sha1_base64="bnu8829AjHCQAN6XYH7Sz2GT2PY="></latexit><latexit sha1_base64="bnu8829AjHCQAN6XYH7Sz2GT2PY="></latexit><latexit sha1_base64="bnu8829AjHCQAN6XYH7Sz2GT2PY="></latexit>

Spread � =
maxp,q2P ||p, q||
minp 6=q2P ||p, q||

<latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit><latexit sha1_base64="eljhOzWq6xar+XlpTQN1qy1dC1k="></latexit>



Open Problems

Non-Steiner Spanners

Sparsity

Lightness

[Clarkson87;Keil88] [LS,FOCS19]

O(1/!) Ω(1/!)
[LS,FOCS19]

O(1/ !)
[LS,FOCS19]

Ω(1/ !)
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t = 1+ !

Steiner Spanners

[LS,FOCS19]

Ω(1/!2)
[LS,FOCS19]

O(1/!2)

~ ~

~
[LS,FOCS19]

Ω(1/!)~O(1/!)
[LS,ESA20]

~

when spread Δ is poly(1/!)

Ω, O hide polylog(1/!).~ ~

Problem 1: Find a Steiner (1+ !)-spanner G for P with w(G) = O(1/!)w(MST) for 
any spread in Euclidean plane.



Open Problems

Non-Steiner Spanners

Sparsity

Lightness

[LS,FOCS19] [LS,FOCS19]
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t = 1+ !

Steiner Spanners

[LS,FOCS19] [LS,FOCS19]

~

~

Ω, O hide polylog(1/!).~ ~

O(! )1-d

[RS91]

Ω(! )1-d O(! )(1-d)/2 ?

?O(! )-d Ω(! )-d ~O(! )(-d-1)/2

[LS20]

for any spread

[LS20] H. Le and S. Solomon, “A Unified and Fine-Grained Approach for Light Spanners” ,Preprint. 

Lower bound

Lower bound
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Q&A
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